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Abstract 
The self-trapping of light in the form of solitons represents one of the most 
interesting and rewarding phenomena offered by nonlinear optics. As a result, the 
field of optical solitons has been experiencing a substantial growth over the past 
years. Recent developments indicate that the field is by no means yet fully explored. 
In any realistic nonlinear media with a local response however, the only known stable 
two-dimensional solitonic structures in bulk media is the fundamental soliton. 
Therefore, the optical nonlocality, which appears in a large variety of physical 
systems, has received an increasing interest due to the fact that it has a substan-
tial effect on both stabilization and propagation dynamics of self-trapped optical 
beams. Recent developments in the study of optical solitons in nonlocal nonlinear 
media have paved the way for highly interesting novel physics e.g., formations of 
multi-soliton bound states, stabihzation of both single- and multi-charged vortex 
sohtons as well as more involved vortex carrying beams. Such complex solitons ex-
hibit intricate propagation dynamics which make the study of higher-order nonlocal 
solitons an intriguing and worthwhile area of nonlinear optics. 
It is the main purpose of this thesis to explore in detail the propagation dy-
namics exhibited by various higher-order solitons. Special emphasis is given to 
the different stability regions and scenarios, which in certain cases involve highly 
nontrivial features and these will be discussed thoroughly. Two distinct nonlocal 
models are employed and a direct comparison between the evolution of identical 
beam symmetries in the two different settings is demonstrated and commented. 
In Chapter 1 a brief introduction to nonlinear optics is presented and a short 
historical account of several theoretical and experimental studies that led to the 
emergence of the field of optical solitons is provided. Particular attention is given 
to optical vortices and vortex solitons which appear naturally when studying wave 
propagation in nonlinear optical media. Different higher-order structures carrying 
optical vortices are introduced and both experimental and numerical investigations 
regarding their propagation and stability properties are discussed. In the last part 
of the chapter the optical nonlocality is presented and it is demonstrated how the 
inherent properties of nonlocality can lead to stabilization of several higher-order 
solitons. 
Motivated by previous studies, in Chapter 2 the multihump nonlocal sohtons 
are constructed by employing a well-known set of linear modes, namely Hermite-
(HG) and Laguerre-Gaussian (LG) waveguide modes. These solitons are identified 
as Hermite- (HN) and Laguerre-nonlocal (LN) solitons and, despite their disparate 
symmetries, the numerous examples demonstrate that some of these states coexist 
energetically, which has significant effects on their propagation dynamics. As a 
result, the mutual transformations between the two symmetries are demonstrated 
and intermediate states, resembling generalized Hermite-Laguerre-Gaussian (HLG) 
modes, are observed. By a similar approach the higher-order nonlocal solitons m 
the form of genralized nonlocal (ON) solitons are obtained. Studies reveal that 
such complicated beam structures with several vortices embedded in their phase 
distributions experience similar dynamics during propagation. In this chapter, as 
the simplest example of a GN beam, the nonrotating quadrupole-like soliton is 
considered in detail. 
In continuation of the preceding chapter, in Chapter 3 the GN states with 
nonzero angular momentum are studied. First, the family of the tripole-like beam 
is introduced and extensive numerical simulations reveal that all members exhibit 
stable propagation accompanied by spiraling above a certain power threshold. In 
contrast, the more involved 3 x 2 matrix solitons undergo both transformations and 
spirahng as they propagate, with the only exception being the nonrotating "pure" 
3 x 2 matrix which simply becomes stable. By tracing the spatial locations of the 
vortices, the complex nodal hne structures appear, and particular focus is aimed 
at the intriguing topological distributions in the form of vortex links and knots. 
To fully appreciate the underlying physics of such vortex formations the evolution 
of a fundamental sohton in a local saturable medium is considered. It is revealed 
that small oscillations trigger the appearances of numerous vortex loops, which 
surround the beam at nearly equidistant intervals. By considering a perturbed el-
liptically shaped fundamental beam and imposing a comphcated phase which makes 
the beam rotate, the neighboring distorted loops merge to form both vortex links 
and knots. 
In the final chapter a realistic nonlocal thermal model is employed which serves 
two purposes. First, it allows to compare beam evolution in two distinct media, 
and to determine whether the observed dynamics in previous chapters constitute 
generic phenomena obtainable in other physical systems. Second, it gives an idea 
of the prospects of experimentally realizing for instance symmetry transformations 
which could be of great importance to all-optical photonic elements. 
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CHAPTER 1 
^introduction to nonlocal nonlinear optics 
1 .1 I i i t r o d i i c t i o i i 
One of the fundamental properties of wave propagation is that finite-sized optical 
beams experience diffraction, i.e. broadening of their spatial profile with the rate 
of diffraction conversely proportional to the initial width of the beam. However 
the diffraction can be exactly counterbalanced by a strong nonlinear coupling to 
the medium in which the beam propagates. This occurs whenever the response 
of the material exhibits a self-focusing effect by increasing the refractive index in 
regions of high beam intensity and hence acts effectively like an optical lens. The 
transverse profile of the beam can become invariant during propagation and the 
result is a traveling wave trapped in its own self-induced waveguide, i.e., an optical 
spatial soliton [1]. These nonlinear entities are very robust and offer a wealth of 
novel and exciting physics which has been a subject of great interest over the past 
few decades [2, 3]. 
The electromagnetic response of a nonlinear optical medium, often represented 
by the induced polarization, can be expressed by the power series in the field am-
plitude E 
P = x^^y-.E + x^^y.E' + x'-'^'-E' + ..., (1.1) 
where tensors ••• denote nonlinear responses of the medium [4-6]. In case 
of a centrosymmetric medium x^ '^ vanishes and the main effect of the nonlinear 
response is the induced change of the refractive index, which is proportional to 
When x^ '^ > 0 the medium behaves self-focusing and supports the formation 
of bright solitons. If, on the other hand, x'^ ^ < 0, the medium is self-defocusing and 
does not support formation of bright solitons. It does however support a somewhat 
different kind of solitons, namely the so-called dark solitons [7, 8 . 
Mathematically, solitons are obtained as solutions to the partial differential equa-
tion governing the system, in nonlinear optics described by the normalized paraxial 
nonlinear Schrodinger (NLS) equation [1 
dE 1 fd^E d^E\ ^ 
where assumed to depend on the total beam intensity I, denotes the induced 
refractive index change of the medium and the sign of the change determines whether 
1 
the medium is self-focusing (dJ^ /d / > 0) or self-defocusing (dJ^ /d / < 0). In the self-
focusing case the sohitions are obtained in the form of bright spatial sohtons, i.e 
radially symmetric beams, with a fiat phase front [3]. When the nonhnearity is selt-
defocusing, the solutions in the 1-D case have been shown theoretically [7] to consist 
of a dark dip on a constant bright background with a phase shift of TT across the zero 
of intensity. Similarly, in 2-D dark solitons are obtained as beams consisting of a 
uniform illuminated background centered around a circular symmetric dark hole [8 . 
In general a wealth of nonlinear processes support the formation of spatial soh-
tons [3], and T can take several different forms depending on the system under con-
sideration. In the simplest case of a Kerr medium the response is given by J" - / 
where the refractive index change is linearly proportional to the intensity of the 
beam. Other examples include the so-called saturable nonhnearity, T = 1(1 +si) 
where s is a saturation parameter, and the more involved nonlocal nonlinear re-
sponse, where J^ in many cases can be represented by a convolution integral [see 
Section 1.3]. 
Traditionally the term soliton has been reserved exclusively for solutions to the 
fully integrable Schrodinger equation, which is limited to the case when (1 + 1)-
D wave propagation in a nonlinear Kerr medium is considered. In most systems 
of interest however, the governing propagation equation will be nonintegrable and 
although self-trapped solutions exist, certain properties of such "solitary waves" 
differ significantly from the properties of solitons. On the other hand a wide range 
of features, e.g., the particle-like behavior, are preserved and over the years the 
distinction between solitary waves and solitons has become less pronounced. As 
a result in most of today's literature covering the subject the solitary waves are 
loosely termed solitons, as will be the case in this dissertation. 
1.1.1 Optical solitons 
With the invention of the laser in the early 1960s the experimental observations 
of self-trapping of optical beams were made possible due to this new source of high 
optical power which allowed to access nonlinearities. In particular, some of the first 
observations of trapping of light in the form of optical filamentation induced by a 
highly intense laser beam in glass were reported in 1964 [9] and in liquids a year 
later [10], thus laying the foundations of the studies of optical spatial solitons. 
A few years earlier, in 1962, it had in fact already been suggested tha t under the 
right circumstances the optical beams would induce a waveguide in which they would 
self-trap [11]. In support of this idea, the self-trapping was investigated theoretically 
in nonlinear Kerr media [12] thereby providing a key to the understanding of soliton 
properties and dynamics. By investigating soliton interactions numerically [13], in 
1965 it was shown that sohtons exhibit particle-like behavior, demonstra ted by the 
observation that after numerous collisions solitons preserve their original shape and 
size apparently unaffected by the strong interactions. This rather distinct feature 
led to the introduction of the term soliton [13 . 
As previously mentioned however, solutions to the fully integrable system differ 
from solutions obtained in the case where the equation is nonintegrable. A fully ana-
lytical treatment of soliton interactions was performed using the "Inverse Scattering 
Technique" [14] where (H-l)-D wave propagation in a nonhnear Kerr medium was 
considered. Since the equation is integrable no energy is lost during the colhsions, 
and the number of sohtons was found to be a conserved quantity. On the contrary, 
this is not always the case for solitary waves, nevertheless in both integrable and 
nonintegrable systems, quite surprisingly the self-trapped beams behave like classi-
cal particles in the sense that they exert "forces" on one another, resulting in either 
mutual attraction or repulsion. In particular, the experiments performed in 1-D 
glass wave guides [15] showed that in-phase Kerr solitons always attract each other, 
whereas out-of-phase Kerr solitons repel. At different relative phases the interaction 
is more complicated and involves energy transfer between the beams. 
1.1.2 Soliton stability 
Instability dynamics in nonlinear wave propagation are well-known and have 
been studied extensively both theoretically and experimentally. Specifically, catas-
trophic collapse occurs when strong self-focusing of a beam leads to a blow-up in 
the intensity, and examples of such behavior have been reported in, e.g., plasma 
waves [16], laser beams [17] and Bose-Einstein condensates BECs [18]. In addition, 
modulational instabilities which involve the exponential growth of a small pertur-
bation of the beam as it propagates eventually leads to the break-up of the wave 
and filamentation, in which case it can act as a precursor for the formation of bright 
solitons. Modulational instability therefore has been the subject of intense studies 
in several various physical systems such as fluids [19], plasmas [20] and nonlinear 
optics [21]. 
Stability of solitons quickly became a subject of interest and it was soon shown 
that in bulk 3-D Kerr media all bright solitons are unstable, more specifically (1+1)-
D solitons suffer from transverse instability, or modulational instability [22], which 
causes them to break up into filaments while (2+l)-D solitons undergo catastrophic 
collapse [23]. 
This scenario changes dramatically when a medium with saturating nonlineari-
ties or, as it is demonstrated later [see Section 1.3.3], a nonlocal nonlinear medium 
is considered. A distinct difference between Kerr and saturable media and key to 
the stabilization of 2-D optical solitons is the upper Umit of the increase in re-
fractive index. Numerical studies have demonstrated stable propagation of 2-D 
optical solitons in a saturable medium [24] in which the catastrophic collapse is 
prevented due to the saturating properties of the nonlinearity. A few years later the 
first experimental observation of optical solitons was reported [25] confirming the 
above mentioned theoretical predictions. By launching a circular symmetric optical 
beam in a sodium vapor with saturable nonlinearity, it was demonstrated that at 
low power the beam diffracted, however by increasing the power the beam would 
eventually self-trap and form a stable bright optical soliton. 
Nearly two decades later the first experimental investigations demonstrating sta-
ble propagation of 1-D dark solitons were published and were actually conducted in 
various kinds of bulk media with saturable nonlinearities [26, 27]. Shortly thereafter 
(b) 
Figure 1.1: (a) Intensity distribution (mesh) and the characteristic hehcal 
wave front (surface) of an optical beam carrying a vortex (from Ref. [31]). 
(b) Phase distribution of a single charge optical vortex. 
stable propagation of dark 2-D solitons in the form of dark optical vortex solitons, 
i.e., beams consisting of an optical vortex embedded in a uniform illuminated back-
ground, [see Section 1.2] was demonstrated experimentally in various types of media 
with defocusing nonlinearities [28-30]. 
Optical vortices represent generic phenomena and often appear when studying 
wave propagation in optical media. They originate from phase singularities in the 
solutions to the wave equation, and are characterized by an energy flow around the 
vortex core, and hence a zero of intensity at the center [31, 32]. 
The study of optical vortices and vortex solitons in particular has evolved into 
a field of great interest over the past years. Even so it still promises to uncover 
many new and exciting phenomena which makes it a worthwhile area of optics, 
both from a fundamental and applied physics point of view [32], and historically it 
has spawned an entirely new discipline termed Singular Optics [33-35]. 
1.2 Optical vortices and vortex solitons 
When studying ( 2 + l ) - D wave propagation, the beams are usually represented 
by a scalar complex function and as a result phase singularities are points in 
the transverse plane where the field modulus vanishes, i.e.. Re = Im ip = 0. 
As the wave propagates these points trace out lines in space, and, as it is shown in 
Section 3.5, given the right conditions such vortex hnes may combine to form highly 
complex topological distributions in the form of vortex loops, links, and knots [36 . 
Optical vortices are formed by the phase singularities in a light wave, and they 
give rise to a rotation around the vortex core performed by the field itself. An 
optical beam carrying a vortex thus contains a helical wave front and around the 
vortex core, manifested by a zero of intensity, a phase gradient swirls, reminiscent 
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Figure 1.2: Evolution of a super-Gaussian beam carrying a phase dislocation 
in (a) linear medium, and (b) self-focusing Kerr medium (from Ref. [32]). 
of a whirlpool in a liquid. More specifically, the phase in a given direction around 
the vortex core changes by a multiple of 27r [31, 32], [see Figure 1.1]. 
In other words, by letting = p ( r , t ) exp[ ix ( r , <)], with p being the real 
modulus and x the phase, the change in phase around the vortex core, often termed 
the topological charge, is given by 
(27r V x d l , (1.3) 
where dl denotes a small increment on a counter-clockwise path around the vortex 
core. Note that the result is an integer. 
As mentioned, light waves may carry optical vortices and the beams in a non-
linear medium make no exceptions. However, the dynamics of such topologically 
charged structures depend crucially on the properties of the medium under inves-
tigation. For example, the evolution of dark optical vortex solitons in de-focusing 
media involves stable propagation in which the dark vortex core self-traps and re-
mains localized on a uniform constant intensity background during propagation, 
see Figure 1.2]. Such stable propagation dynamics is in sharp contrast to vortex 
beam propagation in self-focusing media. As shown in Figure 1.3, the bright vor-
tex beams with a topological charge embedded in their phase distribution have a 
doughnut-like structure. These structures are localized in the transverse plane and 
diffract if no nonlinearity is present. 
In nonlinear Kerr-type focusing media they self-trap, nevertheless upon propa-
gation they become unstable and experience azimuthal modulational instabilities, 
which eventually leads to beam filamentation into fundamental solitons. This is 
manifested by the decay of the original beam into several optical splinters that 
(a) 
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Figure 1.3: Evolution of a Gaussian beam carrying a single charge optical vor-
tex in (a) linear naedium, and (b) self-focusing Kerr medium (from Ref. [32]). 
repel and twist around one another as they propagate, [see Figure 1.3]. The twist-
ing of the splinters is due to conservation of angular momentum, which is being 
transferred to the filaments as the vortex beam breaks [32]. 
1.2.1 Radially symmetric beams in focusing Kerr-type media 
Solutions to the generalized NLS equation [Eq. (1.2)] are obtained in the form, 
E{x, y,z) = U(x, y) exp[ikz + icpix, y)], (1.4) 
where U and (f) are real functions denoting amplitude and phase, respectively, and k 
is the propagation constant. By substituting Eq. (1.4) into Eq. (1.2) the following 
coupled system of equations for amplitude and phase is obtained, 
A l t / - A;C/- + = 0, (1.5) 
+ 2V(^V In [ / = 0, (1.6) 
in which Ax = d'^jdx^ + d'^jdy^ is the transverse Laplacian. 
In the particular case where (p is taken to be zero, the only possible solutions with 
the property of being localized in both transverse dimensions have been shown to 
consist of radially symmetric beams, i.e., with U{x,y) = U{r), where r = -(/x^ + y^. 
Such modes include the fundamental soliton as well as higher order structures with 
one or more rings surrounding the central peak [37-40 . 
The modes [/„, with n being an integer denoting the number of rings in the 
intensity profile, form a discrete set of solitons, uniquely characterized by the cor-
responding soliton power P„(A;), 
Pn{k) = I lEj^dr = j (1.7) 
The family of solitons consisting of the modes [/„ can be further extended to 
include beam structures in which a phase dislocation in the form of an optical vortex 
is imposed on the radially symmetric intensity distribution. Indeed, the concept 
of ring-profile vortex beams in nonlinear media introduced a novel type of vortex 
sohtons, whose field depended on the azimuthal parameter Lf = tan"^(y/a;) [42 . 
They appear as solutions to the Eqs. (1.5), (1.6) and the phase 0 depends linearly 
on the parameter i.e., 0 = rmp {m = integer). Substituting this solution into 
Eqs. (1.5), (1.6) then gives 
+ = (1-8) 
dr"^  r dr r-^  
and, as r ^ 0, [/ ~ r'™! and hence U{r) vanishes at the center. 
Altogether these novel ring-like structures form a discrete set of sohtons, or 
rather a family of radially symmetric solitons characterized by the power Pn,m{k), 
which now depends on both the radial and the azimuthal numbers n and m. Being 
a subject of significant interest, following their introduction in 1985 [42], vortex 
solitons have been studied in a number of different cases [43-45 . 
In addition to the power Pn,m{k), the beam orbital angular momentum (0AM) 
M represents another important integral of motion, 
M = Im J E*{r x V ^ ) d r = j ^UMr, (1.9) 
with E* being the complex conjugate of E. Although not directly connected, angular 
momentum and optical singularities are often found to appear simultaneously [46-
48]. 
1.2.2 Instability dynamics in focusing media 
As discussed previously, the bright 2-D solitons are unstable in Kerr media and 
experience catastrophic collapse during propagation. However, in saturable media 
such instability is eliminated and stable fundamental solitons have been found in 
both two and three spatial dimensions. In addition, an instability criterion has been 
established [49] and it states that solutions to the governing propagation equation 
[Eq. (1.2)] are stable if two conditions are simultaneously fulfilled. Specifically, 
the first one states that the power P of the sohton should increase with k, i.e., 
dP/dk > 0 while second the nonlinearity JT must grow monotonically with intensity 
I . Vortex solitons in saturable media satisfy both of these conditions, but this, 
on the other hand, does not guarantee stable propagation. Indeed, as shown in 
Figure 1.3, vortex beams generally suffer from azimuthal instability and break up 
into filaments upon propagation. 
So far no universal stability criterion regarding the azimuthal break-up of vortex 
solitons has been established, and the stability of these beams can only be inves-
tigated, by taking into account the various individual properties of the different 
media being considered. 
The linear stability analysis is based on investigating the evolution of a small 
perturbation b| « E , added to the solution E , of Eq. (1.2) [50-52], and by inserting 
this perturbed solution E = EQ + p into Eq. (1.2) one obtains 
+ AxP + (^0 + + ElV = 0, (1-10) 
dz 
where ^o = H W ) and ^^ = (d^/d/)|,=, .oP- This linear e q - t i o n governs t^^ 
evolution of the smah perturbation p, and in the case where p does not grow during 
propagation, EQ is linearly stable. 
When investigating the stability of ring-profile vortices, the stationary solution 
E, = U{r)exp{ikz + in^) which solves Eq. (1.8), is radially symmetric. Hence p 
should be periodic in the azimuthal direction and it is therefore possible to express 
it as a Fourier series 
oo 
p{r,^,z)= pn{r,z)exp{mip). (l-H) 
n=-oo 
This expression is then substituted into Eq. (1.10) an the result is an infinite set 
of equations for the complex functions obtained by comparing terms of equal 
angular dependence mp. 
Among ah such modes p„, only two modes are actually coupled, namely Pn+s 
and pn-s, with s being any integer, and such two modes form a closed system with 
solutions given by 
Pn+sir, z) = u,{r) exp{ikz + -fsz) (1-12) 
Pn-s{r, z) = < ( r ) exp{-ikz - •jsz). (1.13) 
The analysis thus involves solving an eigenvalue problem [32], with the eigenvalues 
being the so-called complex perturbation wave numbers and, if for some s the 
eigenvalue has a positive real part, the perturbations Pn±s are instability modes 
and grow exponentially with grow rate Re 7^, figure 1.4 shows the dependence of 
the growth rates on soliton power (a) and (b), and unstable propagation followed 
by break-up of the beams depicted in (c) and (d). 
Cases shown are vortex solitons with topological charges m = 1 and m = 2 
respectively in a saturable medium. The growth rate in each case vanishes for 
k ^ 0 as well as in the opposite limit but, more importantly, at least one mode in 
each case has a nonzero value on the entire range of fc-values, and thus all vortex 
solitons are linearly unstable in saturable media. 
The mode with the highest growth rate determines how many splinters the vortex 
soliton decays into, and in case of the single charge beam, the fastest growing mode 
has 5 = 2, shown in Figure 1.4(a) and (c). Conversely for vortex beams of higher 
charge different instability modes dominate in different regimes of the sohton power, 
and the result is therefore a competition between instability modes, such as modes 
with s = 3, s = 4 and s = 5 in the case of the double charged vortex soliton, [see 
Figure 1.4(b);. 
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Figure 1.4: Growth rates Re 7s of (a) single and (b) double charge vortex 
beam in a saturable medium, i.e., = / ( / + 1)"^ Corresponding index of 
the different instability modes are shown next to the curves (from Ref. [41]). 
Break-up dynamics of the vortex beams with topological charges (c) m = 1 
and (d) m = 2 and corresponding fastest growing instability modes with 
indices s = 2 and s = 4 respectively (from Ref. [32]). 
The dynamics shown in Figure 1.4 is obtained numerically and, by comparing 
the growth rates obtained by the linear stability analysis, it is evident that the 
analysis is in excellent agreement with the numerical solutions of the full system. In 
support of these findings the experiments have been conducted in saturable vapors 
and they all demonstrate symmetry breaking instabilities of the radially symmetric 
vortex beams [53-55]. 
The symmetry breaking dynamics of the ring-profile structure can be suppressed 
by applying azimuthal modulations to the initial structure. The resulting beam 
structures in effect take the form of optical necklaces, i.e., ring-like intensity distri-
butions consisting of optical petals which are circularly distributed, [see Figure 1.5 
and as such the beams are closely related to appropriate superpositions of Laguerre-
Gaussian beams. 
1.2.3 Ring-shaped optical necklaces 
Experimental observation of self-trapping of an optical necklace-type beam in 
Kerr media has been reported [56] in which the propagation of a higher-order 
Laguerre-Gaussian mode was considered, [see Figure 1.5]. It was shown that at 
sufficient low powers, where the nonlinearity would be negligible, the beam as a 
whole would diffract, while the petal thickness remained roughly constant. Con-
versely, at high power the beam self-trapped and due to self-focusing the petal size 
decreased accordingly. Remarkably, the structure is very robust and allowed for sta-
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Figure 1.5: (a) Experimental demonstration of a necklace-type beam in the 
form of a higher-order Laguerre-Gaussian mode in a Kerr medium. At low 
power (middle) the beam diffracts, whereas at high power (left) the beam self-
traps (from Ref. [56]). (b) Evolution of a necklace beam carrying an angular 
momentum (from Ref. [61]). 
ble propagation at power levels several times higher than what would normally cause 
catastrophic collapse for a fundamental Gaussian beam. Further theoretical devel-
opments of optical necklaces [58], which investigated numerically the propagation 
of beam structures composed of several out-of-phase optical petals, demonstrated 
stable evolution of the necklaces which avoided catastrophic collapse. In contrast 
to previous studies, it was shown that during propagation the beams would ex-
pand self-similarly due to repulsion between neighboring petals, and preserve their 
original structure. 
The beam structure itself can be approximated by an ansatz similar to. 
E{x,y,z) = U{r)[cosmip + ipsmm(f]exp{\kz), (1.14) 
with the azimuthal modulation parameter p = 0. 
Numerical and analytical studies [59] showed, that it is possible to effectively 
slow down the expansion of the ring, thus rendering it stable for several tens of 
diffraction lengths, by taking the radius of the ring to be sufficiently large, so that 
the radial profile U{r) may be approximated to the well-known sech shape, found 
for exact 1-D solitons. 
When p ^ 0 the beam obtains an additional phase modulation accompanied 
by a nonzero angular momentum. For p = 1 Eq. (1.14) represents a vortex beam 
with topological charge m and the propagation dynamics have been extensively 
studied [see Section 1.2.2]. However, by decreasing the modulation parameter only 
10 
slightly p w 1 the dynamics become increasingly complicated, and generally involve 
competition between several different instability modes, causing the beam to evolve 
into a complex structure of optical splinters [60]. 
By decreasing the parameter p even further, the beam gradually attains a 
necklace-type intensity distribution and in fact no longer decays, but similar to 
the necklace beams expands self-similarly, [see Figure 1.5]. Due to the imposed 
angular momentum the expansion is accompanied by a small rotation and as the 
beam continually expands the angular velocity vanishes [61 . 
1.2.4 Rotating soliton clusters 
A somewhat different approach leading to the reaUzation of ring-like configu-
rations of optical beams was demonstrated in [62], Here the main idea, based on 
mutual soliton interaction, i.e., attraction for in-phase solitons and repulsion for 
out-of-phase solitons, was to consider a superposition of N solitons with Gaussian 
envelopes y, z), n = 1,2,..., N propagating in bulk saturable nonhnear media. 
Regardless of the character of the soliton interaction, such a configuration will be 
unstable due to an effective tension in the ring profile caused by either attractive or 
repulsive forces between the constituting solitons. This instability, however, can be 
eliminated simply by imposing a phase dislocation on the beam, which changes by 
27rm around the ring. This induces an angular momentum which causes the beam 
to rotate during propagation and the resulting centrifugal force tends to compensate 
the tension in the ring. 
The Gaussian envelopes in the field E = J2Gn take the form [62], 
G„ = ^exp(^ + i a n j , (1.15) 
where r„, a and « „ are the location, width and phase of the nth sohton respectively. 
By applying the constraint of zero linear momentum of the center of mass of the 
beam, the phase a „ was shown to be a linear function of n, or a „ = 9n, with the 
phase difference between two neighboring solitons 9 given by, 
^ _ 2 ^ n _ (1-16) 
In order to look for stable solutions to the problem the effective particle approach 
was applied and interaction energies for various cluster constellations were obtained. 
In this approach, the appearance of a minimum point for a given configuration 
indicated that such a cluster represented a stable solution, and the stability was 
then later verified through extensive numerical simulations. In general, it was found 
that bound states of N solitons existed provided the phase step 6 was less than or 
equal to 7r/2, and a cluster of topological charge m would be meta-stable only if 
N > 4m [62]. One such stable configuration is shown in Figure 1.6 with N = i and 
m = 1, corresponding to a minimum of the effective interaction energy. 
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Figure 1.6: (a) Intensity and phase distribution of a rotating cluster of solitons 
with A^  = 4 and m = 1. Note that the vortex phase is a linear function of the 
azimuthal coordinate while the staircase-like phase of the cluster is in fact 
a nonlinear phase configuration (from Ref. [63]). (b) Evolution of a rotating 
four-soliton cluster (from Ref. [62]). 
1.2.5 Spatially modulated vortex beams: Azimutlions 
Recently, a novel class of two-dimensional spatially localized optical beams in 
nonlinear media was introduced [64]. These so called azimuthons consist of a spa-
tially modulated phase, and provide a link between the radially symmetric vortices 
and rotating soliton clusters. As with the rotating optical clusters and in contrast 
to the linear vortex phase, the phase of the azimuthon is a staircase-like nonlinear 
function of the polar angle. 
The existence of the azimuthons was investigated in two different media [64], 
namely the Kerr medium and a saturable medium and through numerical simu-
lations propagation of the structures was studied. In both cases, solutions to the 
governing equation were obtained by using an approximate (though rather accu-
rate) variational approach and separation of variables. It was reported that the 
azimuthons are characterized by two azimuthal indices: the topological charge m 
and the number of the peaks N. 
In contrast to the rotating soliton clusters which satisfy the existence condition 
N > 4m, rotating azimuthons were shown to exist for N > 2m in saturable media, 
and truly stationary solutions, i.e., nonrotating beams with indices iV = 3 and 
m = I were demonstrated. 
It was furthermore reported that the angular momentum of the beams consisted 
of two significant contributions, which appeared to be the physical origin of the 
possibility of obtaining nonrotating structures with nonzero topological charges. 
Specifically, one contribution was attributed to the internal energy flow, while the 
second contribution stemmed from the modulation of the structure as a whole. 
Remarkably, the two contributions can be of opposite signs and as for the truly 
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Figure 1.7: (a,b) Intensity and phase distribution of two similar azimutlions 
both with N = 4 and m = 1 but with opposite predicted angular velocities. 
(c,d) Propagation of the azimuthons, note the opposite angular velocities, 
indicated by arrows (from Ref. [64]). 
stationary solution they exactly cancel each other, resulting in zero angular velocity. 
In other cases, as shown in Figure 1.7, the result is two similar solutions both with 
N = A and m = 1, but with opposite angular velocities [64], 
As is well known, all optical beams, including azimuthons, are unstable in bulk 
Kerr media and eventually undergo catastrophic collapse, nevertheless in saturable 
media the azimuthons exhibit stable propagation for several diffraction lengths and 
even survive strong oscillations. However, as was pointed out in [64], similar to the 
dynamics exhibited by ring-like vortex beams, the azimuthons may also experience 
symmetry breaking instability and decay into several fundamental solitons. 
In any known realistic nonlinear medium with a local response, higher-order 
optical solitons and vortices are known to be unstable. Consequently, rrmch of the 
attention has been directed towards media with nonlocal nonlinear response which 
have attracted a significant interest recently. This has led to the discovery of certain 
highly intriguing properties of nonlocal solitons, which include arrest of catastrophic 
collapse [65] and significant suppression of modulational instability [66]. Nonlocal-
ity has thus proved to have a great impact on both stabilization and propagation 
dynamics of self-trapped optical beams and it follows that one of the most interest-
ing and exciting properties of nonlocality is the ability to support a great variety of 
optical beams, e.g., multisoliton bound states, which are unstable in local media [32]. 
1.3 Nonlocal optical response and nonlocal solitons 
Nonlocality is a generic feature of many different types of nonhnear systems. 
Nevertheless, in many cases the nonlocal properties of the nonlinear response be-
ing studied has been neglected [28, 67], which is justified when the nonlocal re-
sponse exhibits a characteristic width much narrower than the propagating beam. 
When studying sohtons however, nonlocality is of great importance for the beam 
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Figure 1.8: Schematic of four different regimes of the degree of nonlocahty. 
The degree of nonlocahty is given by the relative width between the spatial 
extent of the response function R and the width of the beam intensity I. (a) 
local nonlinear response function. In this case the response can be described 
by a delta function and hence / " ( / ) = I. (b) weakly nonlocal response, (c) 
general nonlocal response and (d) highly nonlocal response (from Ref. [68]). 
propagation and stabilization, and therefore should be included in the governing 
equation [68]. 
In nonlocal optical media the nonlinear response at a particular point is not de-
termined solely by the wave intensity at that point (as in local media), but depends 
also on the wave intensity in the vicinity of that point. It typically stems from 
certain transport processes responsible for the nonlinear response of the medium. 
These include, the charge drift in photorefractive crystals [69], atom diffusion in 
atomic vapors [70], or heat transfer in thermal nonlinear media [71]. It can also 
result from a long-range interaction of molecules or atoms as it occurs in nematic 
liquid crystals [72] or BECs [73, 74 . 
The stabilizing character of the nonlocal nonlinear response results from the 
fact that in nonlocal media a change of the nonlinear refractive index extends far 
beyond the physical extent of the wave itself, [see Figure 1.8]. This creates a broad 
waveguide-like structure which traps the beam. Even though the wave itself may 
exhibit strong spatial modulations, the nonlinearity-induced trapping "potential" 
is smooth because of the spatial "averaging" character of the nonlocahty [75]. As 
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a consequence, nonlocal media may support stable propagation of complex optical 
beams. However, it appears that conjectures regarding stability of the complicated 
wave structures cannot be readily generalized to realistic nonlocal models. Certain 
stability properties do depend on the particular realization of the nonlocal nonlinear 
response [76]. 
In what follows, beam propagation in nonlocal media is governed by the general 
NLS equation Eq. (1.2), where the response J-{I) is assumed to be represented by 
the phenomenological model 
T{I) = s j R{r'-v)I{Y')dr\ (1.17) 
where s = 1 (s = — 1) denotes focusing (defocusing) nonlinearity and r covers trans-
verse coordinates in D-dimensional space. It is further assumed that the response 
function is spatially localized, symmetric (i.e., R{v) = R{r) with r = |r|), and 
normahzed / i?(r)dr = 1. 
Note that this model can not always be adequately applied to a given nonlocal 
nonlinear system. Indeed, in Chapter 4 a thermal system is investigated and a 
different approach to the problem must be exploited. However, most of the major 
properties exhibited by the nonlocal model in Eq. (1.17), are of a more or less 
generic character and therefore similar effects are expected to be detectable in more 
realistic nonlocal systems. 
As can be seen in Figure 1.8, nonlocality is characterized by the spatial extent 
of the nonlinear response function, and the relative width of the response to the 
width of the beam intensity determines the "degree" of nonlocality [65]. It is often 
instructive to consider different regimes of the degree of nonlocality, and as presented 
in Figure 1.8(a), in the local limit the response function is given by a delta function 
= (^|r|) in which case = / , corresponding to the well-known local Kerr 
medium. In the weakly nonlocal limit, [see Figure 1.8(b)], where the spatial extent 
of the dependence of the nonlinear response on the beam intensity is nonzero, but 
the response still remains much narrower than the beam itself, it is possible to 
expand the intensity / (r ' ) around the point r' = r and obtain a simplified model 
^ ( / ) = s ( / + 7V2/) , (1.18) 
where 
7=-J r'R{r)dr, (1.19) 
is positive definite and measures the relative width of the response [65]. This type of 
nonhnear response represents a model in its own right and governs nonlinear effects 
in plasma [77]. In addition, in 1-D it has been shown that this model supports the 
formation and stable propagation of both bright and dark solitons [78 . 
Conversely, when the characteristic width of the response function is much larger 
than the spatial extent of the beam, [see Figure 1.8(d)], an expansion of the response 
function R{r) around the point r' = r gives 
= -sr^P, (1.20) 
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with 
P = / / d r . (1-21) 
In this highly nonlocal limit, the corresponding propagation equation becomes lin-
ear, with the response function thus reduced to the well-known linear harmonic 
potential [79]. 
The resulting linear model, introduced by Snyder and Mitchell in their seminal 
paper ''Accessible Solitons" [79], constitutes a profound simplification of the problem 
and provides a relatively straightforward means of studying sohton propagation in 
various highly nonlocal media. As a consequence, numerous studies have been 
conducted and continue to be undertaken using this simplified linear model, and a 
large number of peer refereed journal papers on the subject have been published [80-
90] clearly demonstrating that this is indeed a very vibrant and extremely popular 
area of nonlinear optics. 
However, care must be taken since that in the general nonlocal case, [see Fig-
ure 1.8(c)], loosely defined as being neither weakly nor highly nonlocal, no such 
approximations are valid, and it is therefore usually necessary to resort to numeri-
cal and/or variational solutions to uncover the underlying physics of the system. 
Therefore in this dissertation a more rigorous approach, involving variational 
techniques supplemented by sophisticated numerical simulations, will be adopted 
in order to study sohton propagation in nonlocal media considering the different 
degrees of nonlocality. 
1.3.1 Suppression of iiiodulational instability 
With the nonlocal nonlinear response T { I ) given by Eq. (1.17), the governing 
propagation equation takes the form 
dE 1 
+ + sE J R{r' - r ) / ( r ' )dr ' = 0, (1.22) 
and plane wave solutions, in the form of stationary states, can be found with the 
generic form 
E{r, z) = ^ e x p ( i k o • r - ipz), (1.23) 
where po > 0 is the beam intensity and (3 = kl/2 — spo [68 . 
Analogous to the analysis in Section 1.2.2, stabilization of the stationary state 
against modulational instability is investigated by monitoring the evolution of a 
smah perturbation p(r', z), which is added to the solution Eq. (1.23). The perturbed 
profile then reads, 
E{r, + p{r', z)] exp(iko • r - iPz), (1.24) 
with 
p{r',z) = J p{k) exp{ik • r'+ \z)dk, (1.25) 
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and r' = r - k^z. Once more and similar to Section 1.2.2 the analysis involves 
solving an eigenvalue problem, and it has been shown [68] that the eigenvahies A 
can be expressed through the relation 
= (1-26) 
V4po 
where k = |k| is the spatial frequency and R{k) is the Fourier transform of R{r). 
In this particular case, if A^  > 0 the perturbation grows exponentially during 
propagation with the growth rate ReA, and the beam, as a result, suffers from 
modulational instability. From Eq. (1.26), it is evident that the sign of A^  depends 
crucially on the Fourier spectrum R{k) of the response function, and a detailed 
analysis of all possible scenarios for several types of response functions has been 
reported in [91]. 
One major conclusion is that in the focusing case and provided the response 
function is localized and positive definite, the nonlocality suppresses modulational 
instability [68]. Note however that the modulational instability is never completely 
eliminated by the nonlocality. On the other hand, for a defocusing nonlinearity 
A^  < 0, and hence all solutions to Eq. (1.22) with s = —1 are stable [91]. 
1.3.2 Suppression of catastrophic collapse 
Another truly intriguing aspect of nonlocality, in part responsible for its imple-
mentation in the NLS equation, is to have a profound effect on beam collapse. To 
some extent, this view was confirmed when it was proved analytically, that a spe-
cific type of nonlocal response allowed for the arrest of beam collapse [92]. A more 
general approach was explored in [65] and it provided a rigorous i)roof that for a 
symmetric response function with a positive definite Fourier spectrum, catastrophic 
collapse is completely prevented. 
The analytical approach can be further extended to include much more general 
nonlocal response functions, with the only requirement being that the responses are 
symmetric and do not contain any singularities. 
Now, in systems described by Eq. (1.22), both the power P and the Hamiltonian 
H represent important integrals of motion 
P= I Mr (1.27) 
and 
n = y ^ ( / ) / ( r ) d r , (1.28) 
where ||V_l£'||2 = / |Vj.£;pdr. Moreover, for localized solutions to Eq. (1.22), P 
and H are conserved quantities. 
Then, it is possible to show that the gradient norm ||Vx£^ ||2 is in fact bounded 
from above, and this is done by exploring the D-dimensional Fourier transform of 
the intensity / (r) , 
7(k) = y / ( r ) e x p ( i k - r ) d r , (1.29) 
17 
and the inverse 
/ = (1.30) 
When the nonlocal response is given by Eq. 1.17, the above relations Eq. (1.29) 
and Eq. (1.30) lead to the following relations 
|/(k)l = 
and 
/ ( r ) exp ( ik • r )d r < P, (1-31) 
I ^ ( / ) / ( r ) d r = ^ J i ? (k) | / (k ) |Mk. (1.32) 
Consequently, for any response function with an absolute differentiable Fourier 
transform R{k) it follows that 
^ ( / ) / ( r ) d r < P'Ro, (1.33) 
where 
i?0 = ^ y i?(k)dk. (1.34) 
By comparing Eq. (1.33) and Eq. (1.28) the resulting inequality then yields 
\ n \ > \ \ \ V ^ E \ \ l - \ p ' R , . (1.35) 
This result is of great importance to beam propagation in nonlocal media, since it 
basically provides a rigorous proof that, provided the Fourier spectrum of the re-
sponse function under consideration is absolute differentiable, catastrophic collapse 
can not occur. This is due to the fact that the gradient norm, as previously men-
tioned, is bound from above by the conserved quantity 2\H\ + P'^RQ and hence a 
blow-up of the intensity, or identically the beam amplitude locally going to infinity, 
is prevented [68]. 
It should be stressed however, that depending of the spatial extent of the re-
sponse, or rather the degree of nonlocality, collapse-like dynamics might still be 
exhibited by the propagating beam. Indeed, if the width of the beam is much larger 
than the characteristic width of the response, reminiscent of the weakly nonlocal 
case, the beam will initially experience contraction, similar to the dynamics found 
in local Kerr media. Nevertheless, by the time or distance the width of the beam 
becomes comparable to that of the nonlocality, the arrest of the beam collapse 
sets in and the beam will settle on a stationary phase with corresponding stable 
propagation, during which the two widths will remain comparable. 
1.3.3 Nonlocal spatial solitons 
Recent studies of self-trapped beams in nonlocal optical media have revealed 
many new and interesting phenomena e.g., the formation of higher-order soli-
tons [93-95] and stabilization of so-called (3-|-l)-D spatiotemporal optical soli-
tons [96] in media with nonlinearities similar to liquid crystals [97 . 
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Figure 1.9: (a) Unstable propagation of rotating dipole, resulting in beam 
break-up into two filaments, (b) Evolution at a slightly higher power, here 
the initial filaments are forced to merge due to a stronger confinement from 
the increased nonlocality. (c) Stable propagation of the rotating dipole, for 
which the power exceeds the stability threshold (from Ref. [100]). 
The existence of complex structures with nonzero angular momenta such as vor-
tex solitons [75, 98, 99] and rotating azimuthons [64, 76, 100-102] suggested that 
nonlocality can even support higher-order spiraling solitons, [see Figure 1.9]. The 
figure depicts propagation of the simplest azimuthon, namely the rotating dipole in 
three different cases. In Figure 1.9(a) the evolution of the dipole in a weakly non-
local medium is considered and it is evident that the beam eventually suffers from 
azimuthal instability and breaks up into two splinters, similarly to the behavior pre-
dicted in Section 1.2.2. The nonlocahty is then slightly increased in Figure 1.9(b), 
nevertheless the dipole still displays unstable propagation, only this time the dynam-
ics is different. As before the beam breaks up into two filaments, however due to the 
stronger nonlocality the splinters are forced together and eventually merge. Finally, 
in Figure 1.9(c), the degree of nonlocality exceeds a certain stability threshold, and 
the dipole exhibits stable propagation accompanied by spiraling of the structure as 
a whole [100 . 
Over the years many nonlocal effects have been investigated both theoretically 
and experimentally in studies involving nematic liquid crystals [103-114], materials 
with thermal nonhnearity [115-118], and photorefractive media [29, 119-123]. In 
particular, in [115] it was observed experimentally that a highly nonlocal nonlin-
ear thermal medium could support formation of so-called scalar multipole solitons, 
see Figure 1.10]. The observed structures geometrically resembled dipole, tripole, 
quadrupole, and necklace-type solitons, and they were organized as arrays of out-of-
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Figure 1.10: Experimental and theoretical observations of scalar multipole 
solitons. Pictures show the evolution of (a,b) dipole, (c,d) tripole, (e,f) 
quadrupole and (g,h) necklace solitons. Left-hand columns show input beams, 
columns in the middle depict diffracted beams at low powers and right-hand 
columns show self-trapped structures at high power (from Ref. [115]). 
phase bright beams. Although such higher order solitons, except for the nonrotat-
ing dipole, are inherently unstable in a thermal medium [124, 125], the instability is 
rather weak in some ranges of the parameters and this allow^ed for their experimental 
observation [115]. 
1.3.4 Interaction of solitons 
In local focusing nonlinear media, interaction of bright spatial solitons depends 
on the relative phase between the beams, [see Section 1.1.1]. Interestingly, the 
phase dependence is suppressed whenever the response is nonlocal in nature and 
the degree of nonlocality reaches a certain threshold. 
Interactions of solitons in nonlocal media are in general long-range and in the 
case of two beams launched in parallel in a nonlocal medium, due to the nonlocality, 
each beam will induce a refractive index change which extends spatially far beyond 
the beam itself and reaches into the region of the other beam, thereby causing a 
mutual attraction between the beams. 
Recently, experiments have demonstrated that in a highly nonlocal medium 
and with a spatial separation of the beams an order of magnitude larger than the 
respective beam widths, [see Figure 1.11], in spite of their large separation the 
solitons attract each other, and this manifests in an inwards bending of the soliton 
trajectories [117]. 
In addition, it has been observed that two out-of phase bright solitons, which 
repel in local media, also experience mutual attraction [126], and this paves the way 
of realizing bound states formed by out-of-phase solitons, e.g., similar to the case 
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Figure 1.11: Experimental demonstration of long-range nonlocal interaction 
of two solitons launched in parallel. Note that the separation of the beams is 
approximately one order of magnitude larger than the characteristic widths 
of the beams, (a) Input profiles of the beams, (b) Diffracted beams at low 
power, (c) Individually launched beams (d) Beams launched simultaneously 
experiencing attraction from afar (from Ref. [117]). 
of soliton dusters discussed in Section 1.2.4. 
When the nonlocality is defocusing, it has been shown both theoretically [127 
and experimentally [118], that it is possible to obtain bound states of dark sohtons. 
Similar to the case of nonlocal bright solitons the formation of bound states of 
nonlocal dark solitons, is possible due to a long-range mutual attraction, mediated 
by the combined soliton induced waveguide structure stemming from the overlapping 
regions of refractive index changes. 
Thus, nonlocality not only allows for stable propagation of multidimensional 
beams, through the substantial suppression of modulational instability and arrest 
of catastrophic collapse, it also supports formation and stable propagation of bound 
states of several interacting solitons regardless of the relative phases of the beams. 
This opens up the possibility of realizing even highly complex structures in nonlocal 
media, which promise to lead to a wealth of novel physics and as yet undiscovered 
phenomena in the realm of soliton propagation dynamics. 
1.4 Outline of the thesis 
The theoretical and experimental observations of the existence, stability, and 
interactions of spatial nonlocal optical sohtons discussed above stimulate further 
theoretical studies of the properties of self-trapped optical beams in media with 
nonlocal nonlinear response. 
In particular, the theoretical results regarding the rotating dipole were obtained 
using a Gaussian response function, which on one hand is very instructive and rela-
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tively easy to implement, but on the other hand serves only as a phenomenological 
model of nonlocality and so far has not been identified in any real physical system. 
Moreover, the complex soliton structures demonstrated in Figure 1.10 struc-
turally resemble so-called Laguerre-Gaussian (LG) (necklace) and Hermite-Gaussian 
(HG) linear modes (dipole, tripole and quadrupole), henceforth termed "necklaces" 
and "matrices" respectively, which are known to represent solutions to the linear 
harmonic oscillator problem. This model was found to adequately describe a nonlo-
cal medium in the limit of a highly nonlocal response function [79] and the question 
arises, what kind of sohton "necklaces" and "matrices" can be supported and sta-
bilized by nonlocal nonlinear media. 
The aim of the work presented in this dissertation is thus two-fold. First to 
theoretically investigate propagation dynamics and stability properties of a different 
family of higher-order solitons identified as Laguerre-nonlocal (LN) and Hermite-
nonlocal (HN) solitons as well as the extended family of generalized nonlocal (GN) 
solitons which are obtained by employing a different set of linear waveguide modes, 
namely the generalized-Hermite-Laguerre-Gaussian (HLG) modes [128]. 
Secondly to investigate the stabilizing properties and boundary effects on beam 
propagation of a more realistic system, in form of a nonlocal nonlinear thermal 
medium. 
In Chapter 2 a set of linear optical HG and LG waveguide modes are employed 
to construct higher-order spatial solitons in nonlocal nonlinear media in the form 
of soliton clusters, i.e., soliton necklaces and matrices. These higher-order modes 
consist of distinctly different symmetries and, more specifically, the multiple-ring 
soliton necklaces LN„„ are characterized by the number of radial nodes n, the 
topological index m as well as an additional modulation depth p, similar to the 
necklace beams in Section 1.2.3. The indices of the soliton matrices HN„„ determine 
the number of nodes in two orthogonal directions. 
A variational approach is used to obtain solutions for all symmetries to the 
governing equation, and it turns out that distinctly different symmetries coexist, 
i.e., they share the same energy and power. This property has a profound effect on 
the propagation dynamics of the different beams, which in various cases involves 
intricate transformations between seemingly different beam structures of radial and 
rectangular symmetries. Therefore, depending on the profile of the soliton and the 
soliton power, the HN and LN modes can either experience stable propagation or 
quasiperiodic dynamics involving numerous transitions from one symmetry to the 
other, with subsequent revivals of the original input beam. 
During the symmetry transformations intermediate states resembling the gener-
alized Hermite-Laguerre-Gaussian (HLG) modes [128] are clearly distinguishable. 
This observation indicates that the higher-order self-trapped states may represent 
structurally stable localized solutions that belong to a general class of solitons with 
more complex structure and phase. 
This motivates the construction of higher-order solitons that extend the HLG 
hnear modes to the case of nonlinear media with the Gaussian nonlocal response 
and as expected for the GN„„(a = 0) the HN„„ modes are recovered, while for 
GN„m(Q; = 7r/4) the symmetry is that of the LN„„ modes, [see Section 2.3]. At 
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intermediate values for the parameter a the modes are substantially more complex 
and carry vortices embedded in their phase distributions. 
A thorough investigation of the intriguing propagation dynamics displayed by 
the quadrupole-like beams is undertaken and extensive simulations for various values 
of a and different beam powers demonstrate that such multipole modes experience 
quasi-periodic dynamics similar to the dynamics displayed by the LN and HN modes. 
Despite the multiple vortices present in their pertaining phases however, the family 
of quadrupole solitons maintain a net zero topological charge and hence zero angular 
momentum M for all a [see Section 2.3 . 
In Chapter 3 therefore main focus is to explore the intriguing continuation M > 0 
for HN solitons and to that end two generalized sohton families are considered which 
entail a wealth of propagation phenomena. These solitons either form bound states 
of self-trapped vortex beams or they can experience quasi-periodic transformations 
and, because the solitons attain a nonzero angular momentum, the propagation is 
accompanied by spiraling of the beams. By tracing the position of the vortices 
embedded in the phase distributions during propagation, complex vortex lines in 
the form of vortex loops, links and knots are demonstrated. 
An elaborate approach is then employed to investigate in more detail the for-
mation of these intriguing nodal line structures, and to that end the evolution of a 
fundamental sohton in a local nonhnear saturable medium is considered. It follows 
that due to relatively small oscillations in the beam profile several vortex loops 
surrounding the beam are formed. By perturbing the soliton further such that it 
attains both an elliptic symmetry as well as a nonzero angular momentum, several 
closely spaced loops merge to form both vortex links and knots. 
The results concerning beam propagation in nonlocal media in the preceding 
chapters are obtained with the response function assumed to be Gaussian. In Chap-
ter 4 a more realistic nonlocal medium is considered and therefore a different method 
must be applied, which involves solving simultaneously a coupled set of equations 
rather than just one governing equation, i.e., Eq. (1.22). 
Initially the propagation of the rotating dipole and a necklace beam is studied 
and, similar to the results in [100], it is observed that above a certain power threshold 
the dipole sohtons propagate stably for several tens of soliton periods. In addition, 
an example of a semi-stable rotating necklace-type sohton is demonstrated. 
Due to the fact that the thermal response is determined by the details of heat 
transfer at the boundaries, the sample geometry has a profound effect on the struc-
ture of the formed sohtons, their stability and mutual interaction. This is demon-
strated by launching several beam symmetries in samples of different geometries and 
at different transverse positions in the sample. It is demonstrated that the beams 
undergo different transitions depending on the ratio of the sample, or in a different 
case experience a strong modulation of the input profile induced at an earlier stage 
of propagation due to a correspondingly stronger force resulting from the soliton 
being launched closer to the boundary. 
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CHAPTER 2 
Necklaces and matrices of nonlocal solitons 
2.1 Introduction 
Historically, several attempts to realize higher-order solitons [58, 59], rotating 
sohton clusters [60, 62] as well as complex multipole soliton structures with nonzero 
angular momentum [64] in various local media have been put forward. In certain 
cases, the beams have been remarkably long-lived, however although clever in con-
cept they have all, without exceptions, turned out to be inherently unstable. 
As discussed in Section 1.3, nonlocality has a profound effect on soliton forma-
tion, stability and interaction, which, in part, is due to the fact that in nonlocal 
media the well-known beam collapse is arrested and the modulational instabihty is 
substantially suppressed [68]. Recent developments in the study of optical solitons 
in nonlocal nonlinear media have paved the way for interesting novel physics, which 
make higher-order nonlocal solitons an intriguing and worthwhile aspect of nonlinear 
optics. These include, e.g., formation of stable multi-sohton bound states [99, 129], 
stabilization of vortex solitons [98] and otherwise nonstationary structures, such as 
dipole sohtons [100] as well as higher-order azimuthons [101 . 
Nonlocal solitons exhibit intricate dynamics, e.g., long-range attractive inter-
actions [117], stable propagation accompanied by spiraling of the beam structure 
as a whole [100, 101], breather-like quasi-periodic oscillations [130], and anomalous 
refraction and reflection across interfaces [131]. 
Particular examples of nonlocal dipole, tripole, and quadrupole solitons, as well 
as necklace beams have been generated experimentally in lead glasses [115] with 
thermal nonlocal nonlinear responses. The nontrivial patterns composed of funda-
mental sohtons become possible due to a balance between repulsion of out-of-phase 
individual solitons and a force from a broad effective potential induced by the beam. 
Another approach to understand these structures is to employ an analogy with 
linear modes: "soliton necklaces" can be related to the hnear optical Laguerre-
Gaussian (LG) modes, while "soliton matrices" resemble the Hermite-Gaussian 
(HG) waveguide modes. The next logical step using this analogy then, is to ex-
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plore exactly what kind of soliton "necklaces" and "matrices" can be supported 
and stabilized by nonlocal nonlinear medium. 
In the first part of this chapter, a set of linear optical HG and LG waveguide 
modes are employed to construct higher-order spatial solitons in nonlocal nonlin-
ear media in the form of soliton clusters: necklaces and matrices. Those novel 
types of solitons are identified as Hermite-nonlocal (HN„m) and Laguerre-nonlocal 
(LN„m) spatial solitons with distinct differences in their symmetry. In general the 
consist of arrays of out-of-phase solitons arranged in matrix-like structures 
which can be both square and rectangular depending on the two indices n and m. 
Conversely, the LN„m consist of radially symmetric intensity distributions, with a 
varying number of rings and topological index. In addition the modulation param-
eter p, 0 < p < 1, determines the structure of the intensity distribution which 
varies from structurally resembling a necklace consisting of individual "petals" at 
p = 0 through intermediate geometries to consisting of one or more concentric rings 
p = I, [see Figure 2.3]. Moreover, in several cases the two modes HN and LN in 
fact coincide, and one such example is the rather obvious case of the fundamental 
beam, obtained by HNQO and LNQO- Other examples include the "pure" nonrotating 
dipole given by HNio and LNoi(p = 0) and the quadrupole obtained by HNn and 
LNo2(p = 0). 
Using the variational approach [132] and numerical minimization of the error 
functional [133], broad classes of higher-order localized states are obtained both an-
alytically and numerically and it is further demonstrated that only a few of them are 
energetically separated from each other. In general, locahzed states with different 
symmetries coexist, i.e., they share the same power and energy. Indeed, in several 
cases, [see Figure 2.6], even more than two different states occupy the Hamiltonian 
Ti vs. power P bands. 
Next, the variational solutions are used as input profiles for direct simulation of 
the beam propagation and because the variational profiles differ from the stationary 
solutions, at the initial stage, the beams oscillate slightly [99]. As expected, depend-
ing on the degree of nonlocality, several propagation dynamics are revealed. In the 
local regime the solitons are unstable, and different scenarios of soliton evolution 
are observed, depending on their power. At low power the beams either break up 
into several optical splinters as fundamental solitons or they exhibit irregular dy-
namics while remaining largely localized. A remarkably different instability scenario 
however, is also possible. Indeed, in cases when distinct beam symmetries coexist 
energetically and occupy the same energy band it can cause the disparate states to 
perform mutual transitions from one symmetry into another during propagation. 
Depending on the particular structure of the initially launched beam, at substan-
tially higher powers or in the highly nonlocal limit, some solitons become stable, 
while others continue to undergo quasi-periodic transitions and revivals. 
In order to fully appreciate the underlying physics of this coexistence of different 
states, in the second part of the chapter, a more general approach of constructing 
nonlocal solitons is considered by adopting the linear generalized Hermite-Laguerre-
Gaussian (HLG) modes [128]. By adding an additional modulation parameter a, in 
particular 0<Q ;<7 r /4 , a novel class of high-order nonlocal solitons is constructed 
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which allows for a simple continuous transition between the HN and LN self-trapped 
modes through a and thus it becomes evident that the HN and LN states belong to 
the same general family of sohtons. Note that, although the HN, LN and GN beanis 
share many common features, they display one important distinct difference. In 
particular, both HN and LN have zero lines, whereas all zeros in the GN are isolated 
points, i.e., points of intersection of real and imaginary parts of these functions [128]. 
In fact, except for a few trivial cases, all GN modes carry several phase singularities 
or vortices in their phase distributions. 
As an example the family of generalized quadrupole sohtons is presented, and 
simulations demonstrate that for certain values of a these solitons exhibit quasi-
periodic behavior. This is manifested by a series of nontrivial transformations over 
several hundreds of soliton periods ~ tt/k. 
In general, theoretical studies of beam propagation in optical nonlocal nonlinear 
media often present highly complicated problems and in several cases the nonlocal 
response of the medium of interest can not be described by a response function. One 
such instance is when propagation in thermal media is considered [see Chapter 4]. 
Numerical modehng therefore involves solving simultaneously a coupled set of 
equations governing the propagation of optical beams and the physical effect respon-
sible for the nonlocal properties of the medium such as charge drift [69], thermal 
diffusion [71], transport of atoms in atomic vapors [102], or long-range molecular 
re-orientational interactions [107 . 
In this chapter, the nonlinear response, i.e., the nonlocal change of the refractive 
index is described by a phenomenological model [Eq. (1.17)]. This greatly 
simplifies the problem and direct simulation of the beam propagation is performed 
with the fast-Fourier-transform splitstep algorithm, using the various variational 
solutions as input profiles. 
As mentioned in Section 1.3, the degree of nonlocahty is often characterized by 
different regimes, namely the weakly-, the general-, and the highly nonlocal limit. 
In the first and latter cases various technics can be employed in order to further 
simplify the problem significantly [see Section 1.3]. However in this chapter focus is 
mainly on the general nonlocal limit, and the following analysis therefore involves 
both numerical and variational solutions to demonstrate the various propagation 
and evolution dynamics. 
In the fohowing and throughout this chapter, the system under consideration is 
assumed to be governed by the nonlinear Schrodinger equation [Eq. (1.22)], with a 
Gaussian nonlocal response function 
R { v ) ^ e x p { - r y a ^ ) / T r a \ (2.1) 
where a denotes the degree of nonlocahty. 
Stationary states, parameterized with propagation constant k, can be found in 
a generic form as E{x, y, z) — U{x, y) exp(iA:2) with the Lagrangian C = —kP — H, 
where the corresponding integrals of motion are the beam power, P = J|L''pdr, 
and Hamiltonian, 
n = j ( ^ i V C / p - l l C / p y ' e - l ' - ' - ' l V l W ^ d r . (2.2) 
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Figure 2.1: Variational parameters of the one-dimensional HN„ solitons, 
Eq. (2.3). The index n is shown next to the curves. 
Physical variables absorb the transverse scale of nonlocality a as follows, 2 = zu^, 
f = rcr, and E = y/nE/a. Note that the power, P = nP, and the orbital angular 
momentum, M = t t M , do not depend on a, here M = Im J U*\rx Vf/|dr. However, 
the soliton constant and the Hamiltonian scale as k = k/a'^ and H = ttTY/ct^. Note 
also that with this scaling the degree of nonlocality increases with propagation 
constant k and consequently beam power P. 
2.2 Herinite- and Lagiierre-Gaiissian nonlocal solitons 
In local media, it is well known that the only stable scalar solution is a fun-
damental soliton, however, as was discussed in Section 1.3.4, nonlocality enables a 
compensation for the soliton repulsion thereby stabilizing multihump solitons [94], 
similar to nonlinear modes in a confining potential [134]. 
In the linear limit, i.e., when U ^ Q, such modes correspond to the diffracting 
linear HG modes 
Unix) = Aexp{-xy2a^)Hn{x/b), (2.3) 
where the integer index n determines the number of nodes across the Gaussian 
envelope and Hn{t) is the Hermite polynomial 
MM = ( - 1 " ) / ^ (2.4) 
Separation of variables U{x,y) = X{x)Y{y) in Eq. (2.2) leads to two coupled 
one-dimensional subsystems for the envelopes X and Y which can be, in general, 
complex. Indeed, the more general family of the HN solitons includes singular 
solutions with nontrivial phase and nonzero angular momentum, similar to the LN 
sohtons. However, their structure is expected to contain multiple phase dislocations 
see Section 2.3], and here only real envelopes X{x) = Un{x) and Y{y) = Um{y) 
given by Eq. (2.3) with independent parameters are considered. Deriving variational 
equations, the relations between the parameters of one-dimensional envelopes which 
give the final parameters of two-dimensional "soliton matrices" are established. 
27 
(a) LN-solitons 
P i /' p 
(b) HN-solitons 
-inno 50 lOU 150 p 20 
(C) LV. 
00 o o 00 
\ \ \ \ \ \ \ 
\ \ \ , \ \ \ (2.0A\ U \ \ \ \ \ > V \ \ \\ \ (I.OI \ \\ \\ , \ \ \ ,0.0, \ \ 
50 iivi p m 
(dl| UN-.. (c) HN:i 
o o o o o o o o o o 
Figure 2.2: (a,b) Variational diagrams and (c-f) exact profiles for (a, c, d) 
Laguerre- and (b, e, f) Hermite-nonlocal solitons. Solitons in (c-f ) have the 
power P ~ 200. 
Variational solutions corresponding to the HN„m modes are derived using 
Eq. (2.3) as the ansatz in the nonlinear problem. The standard Ritz minimiza-
tion procedure [132] is employed with the variational parameters A , a , and b { b = I 
for n == 0,1) and the obtained numerical solutions for different n are shown in 
Figure 2.1. 
In order to establish the validity of the variational solutions they serve as a 
good guess for further use in numerical relaxation method by which an exact so-
lution can be obtained. Thus two examples of exact HN„m solitons are presented 
in Figure 2.2(e) and Figure 2.2(f). The exact envelopes U{x,y) are obtained with 
relaxation procedure [133] which consist of numerical minimization of the error func-
tional, J l/l^dr, generated at the right hand side of the stationary NLS equation, 
kUtr + SH/SUtr = f , so that / ^ 0 when the trial function approaches the exact 
solution Utr U. 
Next, with the family of different HN modes established, a similar approach is 
adopted to obtain several solutions corresponding to the LN solitons. Due to their 
ring-like structure, the variational ansatz for the LN„m solitons can be constructed 
using the separation of variables in the cyhndrical coordinates 
U{x,y) = R^rn{r) {cos mifi+ ipsmmif), (2.5) 
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Figure 2.3: Intensity (top row) and phase (bottom row) distributions for the 
LNi2 modes with three different vahies of the modulation parameter p, i.e., 
(a) p = 0, (b) p = 0.5 and {c) p — 1. Note that the phase distributions 
change noticeably from p = 0 ^ p > 0, whereas they change only slightly for 
0 < < 1. The colors for intensity (top row) are mapped from zero (blue) to 
maximal value (red), while phase (bottom row) is scaled from -tt to tt. 
where the radial envelope Rnm with n nodes solves the nonlinear ordinary differential 
equation [100]. Parameter p G [0,1] determines the depth of azimuthal modulation 
(j9 = 1 for m = 0) as well as the angular momentum, M = 2mpP/{l Further 
simplification of this method was implemented in Refs. [124, 135] for the radially 
symmetric vortices with p = 1, however here it is extended to the general case p < 1. 
Radial envelopes are sought in the form 
with the generalized Laguerre polynomial 
' dtn • 
(2.6) 
(2.7) 
The results in terms of the soliton power P vs. propagation constant k and 
Hamiltonian H vs. P are plotted in Figure 2.2(a) for several different LN„m solitons. 
The singular LN„m solitons with m 0 occupy the continuous bands in the diagrams 
in Figure 2.2(a) which are obtained by varying the modulation parameter p. Thus, 
soliton necklaces with p = 0 and vortex solitons with p = 1 form the lower and the 
upper-energy edges of the bands. For the lowest-order single-ring LNom necklaces 
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Figure 2.4: Coexistence of HN22 matrix (top row, dashed line) and LNo4(p = 
0) necklace (bottom row, solid line). Variational (lines) and exact (dots and 
profiles) solutions are shown for k = 2.12 (a), 11.5 (b), 30.34 (c), and 54.45 
(d). 
the bands are quite narrow, while their width diverges quickly with the number of 
rings. Note that solitons with different values of p are physically separated within 
the band by the conservation of the angular momentum M . In Figure 2.2(c) and 
Figure 2.2(d) two examples of exact LN„m solitons are depicted. 
To illustrate the effect of modulation parameter p on the various beam struc-
tures, in Figure 2.3 three distinct symmetries for the LN12 are depicted. At zero 
modulation, i.e., p — 0, the beam consists of individual out-of-phase "petals" ar-
ranged in a circular symmetric necklace-type distribution, similar to the necklace 
beams discussed in Section 1.2.3. When the modulation is increased the beam 
becomes more complex, and the petals are no longer well separated, which is par-
ticularly evident from the phase distribution resembhng the phase structure of a 
double charged vortex beam. Note however, the zero ring splitting the phase dis-
tribution into two separate parts, which is due to the double ring structure of the 
beam. At maximum modulation, p = 1 the beam structure is that of a double ring 
double charged vortex beam, with the phase remaining more or less unchanged. 
Above two distinct families of solutions have been introduced, but the compar-
ison of two H i P ) diagrams in Figures 2.2(a) and 2.2(b), or even more evident in 
Figures 2.6(a) and 2.6(b), suggests that it is not always possible to separate them 
energetically and to distinguish between "lower-" and "higher-order" solitons. 
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For the radially symmetric LN-solitons with p = 1, the variational solutions 
provide a very good approximation of the integral characteristics [135] (power and 
Hamiltonian), and here this result is confirmed for soliton necklaces LN„„ (p = 0) 
and low-order soliton matrices HN„m. Indeed, for a given value of k, the power of 
exact solutions in Figure 2.2(c)~2.2(f) differs from variationally predicted values in 
Figures 2.2(a) and 2.2(b) within a remarkable 1% of accuracy, while differences in 
Hamiltonian values are within 10%. 
However, for higher-order HN sohtons, such as HN22 soliton matrix in Figure 2.4 
(top), the profiles of exact solutions deviate considerably from the ansatz [Eq. (2.3) . 
For low power in Figure 2.4(a), the HN22 soliton attains a shape of a square array 
of 9 out-of-phase spatially well-separated sohtons, the square being stretched by its 
corners. At intermediate powers, [see Figure 2.4(b)], the shape is fairly close to the 
HG ansatz. With further increase of the power, the square geometry is gradually 
lost (there is still a nonzero peak at the origin of the "matrix" HN22 in (c)), and 
at approximately P > 250, the soliton matrix HN22 disappears by "fusion" with 8-
soliton necklace LNo4(p = 0) [see Figure 2.4(d)]. The change of the geometry of the 
HN22 solutions slows down the relaxation procedure; in contrast to the LNo4(p == 0) 
sohtons in Figure 2.4 (bottom), for which the variational ansatz [Eq. 2.5] provides 
an excellent approximation. 
Two major conclusions can be drawn from Figure 2.4. First, the high-order 
sohtons can exist in a limited domain (P < Pmax and k < kmax)- This 
implies that there should be an upper limit for the number of solitons in the matrix, 
N < Nmax, where N = (n -I- l ) (m -I- 1). Second, despite distinct differences in 
their geometry, the soliton matrix HN22 and soliton necklace LNo4(p = 0) coexist 
energetically. 
2.2.1 Instability dynamics 
Variational solutions are used as input profiles for the direct simulation of the 
beam propagation and because the variational profiles differ from the stationary 
solutions, at the initial stage, the beams oscillate slightly [99]. As expected, power 
levels corresponding to different degrees of nonlocality, prompt various propagation 
dynamics. When the solitons are stable, the oscillations (internal modes) slowly 
decay with propagation [100] and stable propagation over several hundred soliton 
periods has been observed for a large number of various beam structures including 
both HN and LN solitons. 
On the contrary, in Figure 2.5 an example of unstable dynamics displayed by two 
LN02 modes with different modulation depth p is depicted. At low power higher-
order modes are unstable and in particular in Figure 2.5 it is evident that instabilities 
here involve a breakup of the beams which then evolve into several splinters that fly 
off in a spiraling motion due to a nonzero angular momentum of the initial state [see 
Section 1.2.2]. Note that at some intermediate propagation distance in Figure 2.5(a), 
the beam attains the symmetry of a tripole-like beam which is in excellent agreement 
with the fact that these two distinct structures actually belong to the same general 
family of solitons, [see Section 2.3, and in particular Figure 3.1]. Interestingly, the 
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Figure 2.5: (a) Instability dynamics of the LN02 mode with modulation pa-
rameter p= 1. (b) Same mode, i.e., LN02 only this time with p = 0.5. Beam 
power P = 75 in both cases. 
dynamics in Figure 2.5(b) depicting the breakup of the LNo2(p = 0.5), are in fact 
quite similar to the dynamics in Figure 2.5(a). 
In the case of the LNo2(p = 0) (similar to HNn) and at the same power, i.e., 
P — 7b the dynamics are remarkably different as shown in Figure 2.6(d). As will 
be shown in Section 2.3 this particular beam structure is obtained for a = 0 in the 
family of the general quadrupole beams [see Figure 2.8(a)] and through complex 
transitions the beam evolves into the single-ring fundamental soliton LNio(p = 
1) accompanied by several revivals of the original symmetry. As is evident from 
Figure 2.8(a), the LNio(p = 1) mode is furthermore part of the same general family 
of quadrupole solitons and realized for a = tt/4. The beam undergoes irregular 
dynamics in which neither of the disparate symmetries is distinguishable. It should 
be noted that at lower beam powers this particular structure, i.e., the LNo2(p = 0) 
(or HNn) evolves into four optical splinters which fly off" diagonally due to a mutual 
repulsion of the out-of-phase petals [see Figure 2.8(a) . 
In the following the intriguing cjuasi-periodic dynamics with soliton revivals and 
mode transformations are described in more detail. First, the transformation of the 
radially symmetric LNio(j9 = 1) sohton into the structure resembling LNo2(p = 0) 
(or HNii) quadrupole [see column (c) of Figure 2.6] is considered. 
The corresponding {H, P) diagram in Figure 2.6(a) features crossing of these 
two modes, and also indicates that the single-ring fundamental soliton LNio(p = 1) 
exists always within the band of the quadrupole mode LNo2(p = 0). This strongly 
points to the fact that energy crossing of the two states is responsible for the mutual 
transformation of these two modes observed in Ref. [135 . 
As the next step, the propagation of the quadrupole soliton in Figure 2.6(d) is 
simulated and subsequently remarkable similarities between the two are observed; 
the latter includes periodic transformations to the LNio(p = 1) as well as revivals. 
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Figure 2.6: (a,b) Energy crossings chosen from the overlapping of two {H, P) 
diagrams in Figures 2.2(a) and 2.2 (b). Examples of the propagation dynamics 
of (c) LNio(p = 1) soliton with P — 100, (d) HNn (quadrupole, same as 
LNo2b = 0)) with P = 75, (e) LNsob = 1) with P = 250, and (f ) HN22 
with P = 210. 
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Figure 2.7: Evolution of the LNio mode when p = I. Propagation yields 
nontrivial transformations into the structure resembling the LNo2(p = 0) (or 
HNii) mode through intermediate states forming the entire family of the 
generalized GNn mode. Depicted here is the intermediate state resembling 
the GNii with a = 7r/8 [see Figure 2.8(a)], note in particular the four vortices 
embedded in the phase structure in (b). 
Thus, when two states cross, it is expected and indeed observed that mutual trans-
formations of solitons occur, despite the sharp differences of their symmetry and 
stability. 
The diagram in Figure 2.6(a) also includes the four-soliton matrix HN30 and the 
tripole HN20 [115]. In the region of powers in Figure 2.6(a), both soliton matri-
ces disintegrate into repelling fundamental solitons; thus, transformations involving 
other states are not observed. For higher powers, the soliton matrices become ener-
getically isolated and stable; note however that the tripole was shown to be unstable 
in media with thermal nonlinearity [124 . 
Next, in Figures 2.6(b), 2.6(e), and 2.6(f) another example of soliton transfor-
mations are shown. The energy diagrams of four different solitons in Figure 2.6(b) 
remain very close after crossing, and consequently, mutual transformations among 
three of them are observed. 
Namely, a double-ring fundamental soliton LN2o(p = 1) in Figure 2.6(e) under-
goes complex dynamics where periodic appearance of LNi2(p = 0) and HN22 states 
were clearly identified, followed by soliton revival. Similarly, the 3 x 3 soliton ma-
trix HN22 in Figure 2.6(f) transforms quasi-periodically to LN2o(p = 1) mode. Note 
that similarly to the LNo2(p = 0) (or HNn) and LNio(p = 1) which were particular 
realizations of the limiting values of parameter a within a general family of solitons, 
the modes LN2o(p = 1) and HN22 also belong to the same general family of solitons 
see Figure 2.8(b) . 
Interestingly, the appearance of the eight-soliton necklace LNo4(p = 0) was never 
observed, while its transformation to the matrix HN22 takes place (e.g., for P = 220, 
not shown), before it became stable at P = 250 [see Figure 2.4(b)]. Note also that 
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Figure 2.8: (a) Family of the quadrupole-like solitons for power P = 200 
versus a. The colors for intensity (middle row) are mapped from zero (blue) 
to maximal value (red), while phase (bottom row) is scaled from -TT to TT. (b) 
Family of the generalized 3 x 3 multipole solitons for power P — 200 versus 
a. 
crossed states appear largely distorted by their internal vibrations. This observa-
tion suggests that overlapping of soliton internal modes, in addition to crossing of 
stationary states, must determine mutual soliton transformations. 
The intriguing soliton coexistence can be better understood in terms of the 
so-called generalized Hermite-Laguerre-Gaussian HLG„m(x, y; a ) modes in linear 
media [128]. Similar to column (a) in Figure 2.6, in Figure 2.7 the evolution of the 
fundamental single-ring soliton LNio(p = 1) is shown, only this time showing an 
intermediate state resembling a HLG mode and it is immediately evident that such 
states consist of highly complicated structures with several vortices embedded in 
their phase structures, although keeping the net topological index constant, i.e., a 
zero charge and hence zero angular momentum [see Section 2.3]. Indeed, above in 
Figure 2.6 for all cases the transformations between states with zero vorticity and 
zero angular momentum were considered as the simplest examples. 
It should be expected that, similar to the LN and HN solitons, there is a greater 
variety of nonlinear states parameterized by some structural parameter, such as 
the modulational parameter p for the LN-solitons. Indeed, while the ansatz ~ 
cosmv? -I- ipsinmip [100] represents exactly the HLG„m modal beam for n = 0 and 
m = 1 128], it is no longer the case for higher-order HLG modes. Such higher-
order modes promise to yield a wealth of interesting phenomena, e.g., through the 
important continuation M > 0 for HN solitons, which is offered by HLG modes 
with astigmatic transformations through the parameter a. 
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Figure 2.9: (a) Power vs. k ioY a = 0; 7r/16; tt/S; Stt/IG and 7r/4, different 
families are denoted by indices next to the curves, (b) Hamiltonian vs. P. 
Consequently both rotating and non-rotating novel states with multiple vortices, 
or "vortex clusters" will appear [128] in the form of generalized higher order beams 
[see Section 2.3] and quasi-periodic topological transformations within such self-
localized beams bring many novel exciting phenomena. 
Two sets of modes, namely the LG and HG beams, appear as two particular 
realizations of the HLG family, attained for the limiting values of the parameter 
a. Then, the idea of such generalization is that for the intermediate values of a , 
0 < a < 7r/4 [128], any HLG beam also represents a self-similar and structurally 
stable solution. 
2.3 Generalized nonlocal solitons 
In this section the generalized family of HLG modes are employed, which reahze, 
in a simple way, a continuous transformation between the HG and LG self-trapped 
modes through a single parameter a. More specifically, the two symmetries are 
recovered for the limiting values of this parameter, namely a = 0 and a = 7r/4 [128 
i.e., 
HLG„(x ,? / ;a = 0) = ( - i ) ' " H G , 
and 
HLG„m(x,y;Q; = 7r/4) = 
(n > m) 
in < m) 
(2.8) 
(2.9) 
with all intermediate states remaining structurally stable. 
Similarly to the variational approach in Section 2.2, higher-order solitons are 
constructed, that extend the HLG linear modes to the case of nonlinear media 
with the Gaussian nonlocal response. By introducing variational parameters in 
the form of soliton amplitude A, and soliton widths a^^y and b^^y respectively and 
varying a, rather complex beam profiles with several vortices embedded in their 
phase structure can be obtained, which in continuation of Section 2.3 enables the 
formation of soliton "matrices" with nonzero angular momentum. 
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Specifically, by considering stationary states of the form E{x, y, z; a) = 
U{x, y; a ) exp{ikz), the envelopes Unm{x, y, a ) corresponding to the HLGn^la^, V, a ) 
modes take the form, 
Unmix, y ; a ) = A exp(-xV2a2 - 2/720^) 
n+m 
X J ] tijiv/by) (2.10) 
3=0 
where A is the soliton amplitude, Hj are Hermite polynomials and the coefficients 
are expressed in terms of Jacobi polynomials P^'" [128]: 
C ^ J a ) = i^ ' cos"-^' a sin'""^' cos 2a) . (2.11) 
Approximate stationary solutions are obtained using a standard variational deriva-
tion with the ansatz given by Eq. (2.10). 
As the simplest example of nonrotating generalized beams the famihes of the 
generalized quadrupole and 3 x 3 matrix solitons are shown in Figure 2.8. Accord-
ing to Eq. (2.10) varying a allows for the continuous deformation from the pure 
quadrupole through intermediate states to a radially symmetric soliton, 
U n { x , y ; a ) ^ Aexpi-ix^ + 
X [(x2 + y 2 - 6 ^ ) s i n 2 a - 2 i x y c o s 2 a ] ( 2 . 1 2 ) 
where a = ax,y and b = b^.y. 
Variational solutions for various values of a and k are obtained numerically to 
construct the family of the generalized quadrupole. At a = 0 the structure of the 
beam takes the form of a 2 x 2 soliton matrix i.e. a square geometry formed by 4 
peaks separated by zeros of intensity and a relatively simple phase structure, [see 
Figure 2.8(a)]. At intermediate values of a the profiles become more complex, note 
in particular in the figure the appearance of 4 separate vortices embedded in the 
phase distributions. The total topological index, and hence the angular momentum, 
however remains zero for all 0 < a < 7r/4 due to exact canceling of the topological 
indices of the individual vortices. At a = 7r/4 a radially symmetric necklace mode 
emerges. 
The family of the generalized 3 x 3 matrix GN22 is presented in Figure 2.8(b). 
The expressions for the GN22 are too cumbersome to be shown here, nevertheless by 
numerically deriving variational solutions, in Figure 2.8(b) beam profiles and their 
pertaining phase distributions are depicted. 
Here the beam profiles range from a pure 3 x 3 matrix, i.e., the HN22 mode 
with zero topological charge consisting of 9 out-of-phase spots, through complex 
profiles with no less than 12 separate vortices embedded in the phase distributions 
and zero net topological charge. Finally, at a = 7r/4 a triple ring beam appears 
corresponding to the LN2o(p = 1) mode. 
As with the HN and LN states, in Figure 2.9 several energy bands of P{k) and 
H{P) formed by the two soliton families are shown and it clearly demonstrates how 
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Figure 2.10: Quasi-periodic breather-like propagation of the GNii (x , y; TT/S) 
mode with power P = 200. Note the large propagation distances in (e)-(h). 
the energies for various values of a within the families GNu and GN22 apparently 
cross and even coincide. Since propagation of both GNII(Q; > 0) and GN22(A > 0) 
(the latter not shown) involve transitions between disparate symmetries it strongly 
suggests that this coexistence determines the evolution of the solitons, and occu-
pancy of different modes and the density of states can be directly related to the 
propagation dynamics displayed by the beams occupying the various energy bands. 
2.4 Transformation dynamics 
In the following, the propagation of the generahzed quadrupole solitons GNu is 
studied in detail. As before direct simulation of the beam propagation is performed 
with the fast-Fourier-transform splitstep algorithm, using the variational solutions 
from Section 2.3 as input profiles. Varying both a and power P numerous simu-
lations are executed to investigate the dynamics and stability properties of these 
higher-order generalized beams. 
As expected, at low P corresponding to the local limit, it is observed that the 
sohtons become unstable and eventually they break. At higher power this scenario 
changes dramatically and the beams are found to evolve in various distinctive ways 
depending on a. In sharp contrast to the GNii(x, y, 0) mode which simply becomes 
stable at a certain power threshold, [see Figure 2.11] at all other values of a the beam 
dynamics become quasi-periodic and breather-like i.e., the solitons continuously 
experience nontrivial transformations and revivals over large propagation distances. 
Note the theoretical results regarding breather-like behavior in nonlocal thermal 
media [130] and in nonlinear media with a nonlocal Gaussian response [89, 136]. 
Quasi-periodic behavior of the intermediate states (i.e., a = 7r/16, vr/S, and 
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Figure 2.11: Stability domain in the parameter plane {a,P). Circles de-
note stable propagation while black and blue dots signify unstable and quasi-
periodic propagation respectively. 
37r/16) deviate significantly from the dynamics displayed by the GNii(x, y; 7r/4) 
mode. This is manifested by the fact that the intermediate modes initiate the trans-
formations immediately upon launching, in clear contrast to the GNii(a;, y; 7r/4) 
mode which appears to be structurally stable before undergoing any transforma-
tions. An example of quasi-periodic propagation is shown in Figure 2.10. Note the 
large propagation distances in Figures 2.10(e)- 2.10(h), it should be stressed here 
that the dynamics at intermediate distances, i.e., 2.31 < z < 64.22 are identical to 
those displayed in the figure. 
Depicted here is the evolution of the GNii(X,Y;TT/S) at power P = 200 over 
several hundred soliton periods ~ ir/k, and from the figure emphasis is given to two 
major observations. It should be noted here that the dynamics mentioned below 
are generic and indeed observed for all intermediate values of a. First, the propaga-
tion includes periodic transformations into the structure resembling the quadrupole 
GNn(x ,y ;0 ) followed by revivals of the initial structure. Interestingly however, 
transformations "the other way" i.e., into the radially symmetric GNii(a;,y;7r/4) 
are never observed. Second, although the transformations seem reasonably regu-
lar at first sight, by closer inspection it becomes evident that the reappearances of 
identical quadrupole structures occur only at every other transformation due to the 
beating of two similar internal modes. 
In Figure 2.11 the stability domain for the GNn mode is shown in the plane 
{ a , P ) , and here blue dots denote quasi-periodic behavior whereas circles mean 
stable propagation. Note that here the power threshold attains its maximum for 
a = 7r/4. 
The periodicity with which identical quadrupoles appear becomes important 
when the dynamics of the beams is further studied in detail. This is done by ob-
taining values of the field amplitude at each propagation step and in Figure 2.12(a) 
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Figure 2.12: (a) Beam intensity during propagation, (b) Fourier transform 
of the amplitude of the field. Values of | F p are normalized and plotted on a 
logarithmic scale, (c) Dependence of Av on power P for A = 7r/16, TT/S, and 
37r/16. 
the resulting intensity I vs. propagation distance z is plotted. 
This clearly shows how the intensity of the beam strongly oscillates during prop-
agation and it should be stressed here tha t each of these oscillations corresponds 
to a transformation between different states. More specifically it is observed tha t 
minima and maxima correspond to the occurrences of the two different quadrupole 
structures respectively. 
In the following, a Fourier transform of the field amplitude is performed which 
enables to obtain the frequency spectrum shown in Figure 2.12(b). Here the central 
frequency corresponds to the propagation constant k or rather fc/27r and neighboring 
peaks are shifted equidistantly on either side of k/2T^. This shift denoted by Ai/, 
is exactly the frequency with which the mutual transformations between the initial 
state and similar quadrupole structures occur. 
Performing extensive numerical simulations of the beam propagation at various 
powers allows to examine the dependence of Ai/ on P for the different values of 
a. The results are shown in Figure 2.12(c) in the parameter domain {P,a). In-
terestingly it is thus demonstrated that the shift Au increases monotonically with 
P, however at higher powers, the increase slows down significantly, indicating tha t 
at sufficiently high power it will eventually saturate and reach a certain maximum. 
Moreover, note that Av increases with a so it follows that stronger modulat ions of 
the quadrupole structure i.e. increasing a effectively slow down the transformations. 
Describing and subsequently predicting analytically the dependence of Au on 
power presents an intriguing problem and promises to bring exciting novel physics, 
however for the time being the question remains unchallenged. Intriguingly, complex 
deformations of the G N n ( x , y ;0 < a < 7r/4) beams involve intricate topological 
reactions within the beams in which pairs of vortices with opposite topological 
indices are created and annihilated. As a result the total topological index and 
hence zero angular momentum is conserved during propagation. In Figure 2.13 the 
phase distributions corresponding to the intensity profiles at the various propagation 
distances in Figures 2.10(a)- 2.10(d) are shown. 
The spatial locations of the vortices have been traced and the resulting nodal 
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Figure 2.13: (top) Phase distributions at various propagation distances, (bot-
tom) Trajectories of the four vortices embedded in the phase distribution. 
Blue hne carry topological index -1, while red line has index 1. 
lines (blue and red) of opposite topological index, i.e., -1 and 1 respectively, thus 
depict the vortex trajectories during propagation. From the respective phase struc-
tures it becomes even more evident tha t the transformations indeed involve beating 
of two distinct quadrupole-like modes, which in addition give rise to the continuous 
shift in topological indices of the four nodal lines. 
2.5 Simiinary 
In summary, by employing a set of linear optical HG, LG and HLG waveguide 
modes several higher-order spatial solitons in nonlocal nonlinear media have been 
constructed in the form of soliton necklaces, matrices as well as more complex 
structures. 
In the first part of the chapter various beam structures were identified as 
Hermite-nonlocal HN and Laguerre-nonlocal LN beams, reminiscent of their linear 
counterparts, however with the additional variational parameters, namely soliton 
ampli tude A and width a. For the LN modes an additional parameter was nec-
essary to completely characterize the full soliton family consisting of various beam 
structures and in particular a so-called modulation parameter p defined the depth of 
the azimuthal modulation of the necklace-type LN modes. In a few cases the varia-
tional solutions have served as input for further use in numerical relaxation method, 
which revealed tha t the variational solutions in general provided a reasonable good 
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approximation. 
Surprisingly, in several cases various HN and LN modes were found to coexist 
energetically and they occupied the same energy band in a {T~i,T) diagram and 
as a consequence of this coexistence, in Section 2.2 propagation dynamics in nu-
merous cases entailed highly complex mutual transitions between disparate beam 
symmetries corresponding to the HN and LN modes. 
It appeared that the number of beams occupying the same energy-bands in-
creased with the order of the beams and as a result of the beating of various differ-
ent modes coexisting in the bands, the beam structures would become increasingly 
distorted during propagation. 
Despite the deformation of the involved beam structures, intermediate states 
resembling generalized Gaussian beams were clearly distinguishable and that moti-
vated the introduction of the families of such higher-order beam structures. 
In Section 2.3 two different families of generahzed GN beams were intro-
duced and, by obtaining several variational solutions, the intricate beam structures 
emerged with involved phase distributions. Despite carrying several vortices in their 
phases both the quadrupole and the 3 x 3 generalized matrix solitons exhibited zero 
net topological charge for all values of a. 
As the simplest nonrotating case the propagation dynamics of the general-
ized quadrupole solitons was studied. It was demonstrated that members of the 
quadrupole family exhibited quasi-periodic dynamics in which the periodicity of the 
breather-like behavior resulted in a frequency shift Az/ which matched the frequency 
with which identical symmetries emerged and that Az/ increased monotonically with 
P. 
Especially important now will be to investigate cases where M > 0 and the 
dynamics are expected to involve both beam transformations [100, 135, 137] as well 
as beam spiraling [101] depending on both the particular beam topology as well 
as beam power. Therefore, as the next step, in Chapter 3, the various variational 
solutions corresponding to the generalized tripole GN20 and the 3 x 2 matrix GN21 
will be considered. 
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CHAPTER 3 
Spiraling and topological transformations 
3.1 Introduction 
Nonlocal optical media and nonlocal optical solitons have received and continue 
to receive a great deal of attention, which is partly due to their large potential 
applications in photonic switches [79], all-optical switching and logic gating [138], 
and all-optical signal processing [139]. In addition, complex transformations be-
tween disparate higher-order beam structures [100, 135, 137] represent dynamics 
which, on one hand, are restricted to nonlocal media and, on the other hand, are of 
broad interest as they are similar to the astigmatic transformations [128] and may 
be useful for optical mode converters. 
The importance of implementing nonlocal nonlinear media is further empha-
sized by the fact that such media have paved the way for interesting physics e.g., 
formations of multi-soliton bound states and stabilization of both single- and multi-
charged vortex solitons as well as the more involved vortex carrying beams, e.g., 
azimuthons [64, 100, 101] and generalized Hermite-Laguerre-Gaussian (HLG) beams 
[see Section 2.3]. 
Evidently, nonlocal nonlinear optics possesses a wealth of possibilities of pro-
found interest both from a practical and a more fundamental point of view. Practical 
because recent studies point to the applicability in desirable all-optical components 
and fundamental due to the great variety of intriguing physics yet to be uncovered. 
The aim of this chapter is mainly stimulated by the latter, namely to explore novel 
propagation dynamics which furthermore promise to lead to the observation and 
demonstration of highly exciting new aspects of nonlocal optical sohton phenom-
ena. 
In continuation of the preceding chapter the following study, which is based on 
a set of higher-order ON solitons with nonzero angular momentum, involves direct 
simulations of the governing equation and by varying different beam parameters 
such as power P and modulation variable a different stability scenarios can be 
thoroughly investigated by considering beam propagation over hundreds of soliton 
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Figure 3.1: Family of the tripole-like solitons for power P = 200 versus a . 
The cross sections of the beam profiles are shown in the top row. The colors 
for intensity (middle row) are mapped from zero (blue) to maximal value 
(red), while phase (bottom row) is scaled from -TT to TT. 
periods ^ n/k. 
Specifically, the numerical studies involve the generalized tripole and 3 x 2 matrix 
solitons and since both the tripole-like beams as well as the 3 x 2 matrices have 
a net nonzero topological charge and therefore a nonzero angular momentum the 
beams rotate during propagation. 
Several types of propagation dynamics depending on the beam power are uncov-
ered. At low power all solitons are unstable but at some power threshold the beams 
either exhibit stable rotation of the beam as a whole or undergo rather complex 
transformation dynamics accompanied by spiraling of the beam structure. 
Indeed, above a certain power or equivalent degree of nonlocality, the generalized 
tripole soliton exhibits stable propagation accompanied by spiraling of the beam for 
all 0 < a < 7r/4, and intricate topological reactions leading to the formation of 
vortex links are observed. 
Finally, recall in [100] the evolution of the double ring single charge soliton which 
was found to include both rotation and mutual transformations into a 3 x 2 matrix 
soliton. Hence the family of the generalized 3 x 2 matrix soliton is introduced, 
which give rise to nontrivial transformations accompanied by spiraling of the beams 
as well as formations of complex topological distributions such as vortex knots. 
In order to fully appreciate the underlying physics of these intriguing phenomena 
of nodal line formations, in the last section the propagation of the fundamental 
soliton in a local nonlinear saturable medium is considered. It is revealed that small 
oscillations of the beam during propagation give rise to vortex loops surrounding the 
beam waist at nearly equidistant intervals. In addition, the intervals decrease with 
beam power, i.e., the number of loops increases and in some cases, the regularity 
and smoothness of the vortex loops increase with the ampHtude of the oscillations. 
By perturbing the fundamental soUton and imposing a more complicated phase 
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Figure 3.2: (a) Rotation velocity Eq. (3.2) of the tripole solitoiis. (b) Stability 
domain in the parameter plane {a,P). 
structure as compared to the flat phase front of the fundamental, the beam attains 
an asymmetric shape and an angular momentum, and these two attributes combined 
can then trigger the formations of both vortex hnks and knots. 
3.2 Spiraliiig of self-trapped optical vortices 
As the first specific example, in this section a tripole-like mode soliton GN20 with 
nonzero angular momentum is considered. Through numerous simulations involving 
different beam powers as well as values of a, stable spatial rotation (spiraling) of 
the tripole soliton carrying two optical vortices of the same charge is observed. 
The tripole soliton, i.e., a structure consisting of 3 in-line peaks separated by 
the zeros of intensity [see Figure 3.1(a)], corresponds to the mode U2o{x,y;a = 0) 
and, according to Eq. (2.10), it can be deformed continuously to a double-charge 
vortex beam 
X [4(xcosq; + iysina)^/6^ — cos2a]. (3.1) 
Note that a complex conjugation or, alternatively, reflection a —> —a, simply pro-
duces a vortex of the opposite charge. 
Varying a is equivalent to the astigmatic transformation from the HN20 to 
LNo2(p = 1) mode [128] and by numerically obtaining variational parameters for 
different values of a and k, soliton families as shown in the example of Figure 3.1 
are constructed. For a = 0 the solution has a relatively simple phase structure of 
the HN20, i.e., a 3 x 1 matrix soliton of zero vorticity. More general tripole-like 
structures appear at the intermediate values of a and for all values the topologi-
cal index remains constant. Here Figures 3.1(b)- 3.1(d) clearly show two separate 
vortices with the same topological charge embedded into the beam, which give rise 
to a nonzero angular momentum M. At a = n/A these vortices merge to form a 
double-charge vortex ring LNo2(p = 1)-
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Figure 3.3: Propagation dynamics of the tripole with a = - t t /S , k = 89.4, 
and P = 200. The corresponding variational solution predicts Q = 1.89, 
which corresponds to the period of rotation (pitch) ~ 3.33; the numerically 
obtained values are very close, pitch 3.03 and Q. ~ 2.07. 
As the next step, the variational solutions act as an input for direct simulations of 
Eq. (1.22) using the fast-Fourier-transform split-step beam propagation algorithm. 
By performing extensive numerical simulations to study the dynamics and stability 
properties of the tripole soliton family, spiraling of tripole beams with nonzero an-
gular momentum a 0 is observed. Surprisingly, this behavior is in sharp contrast 
with the dynamics of the corresponding linear modes, which do not rotate [128]. 
140 is em-To resolve this controversy, an approach developed by Rozanov 
ployed, which enables finding the rotation velocity Q. of locahzed beams, provided 
the solutions of the original propagation equation are known. So in the following, 
theoretical analysis allows for an estimation of the rotation velocity, i.e., the pitch 
of a helix formed by the braided vortex lines, and to reveal the underlying physical 
mechanism responsible for this spirahng effect. 
By using the variational solutions, Q can be represented as a sum of the linear 
Qin and nonlinear parts. 
nlnj (3.2) 
where Qin = 7sin2Q;(8a^ — -H 5^) and A is soliton amplitude. The expressions 
for Qnin(a, b-, a) and 7 (0 , b;a) > 0 are too cumbersome to be shown here; note that 
inverting the sign of a reflects Q. -17. Importantly, in the limit b a\/2, i.e., 
when GN{x,y;a) is exactly an eigenmode of the linear equation, vanishes, as 
expected in accordance with [128 Hence, it is precisely the deformation b a^/2 
that initiates the rotation of the beam even in free propagation. Indeed, such 
deformed beams can be seen as a superposition of several GN modes, and the 
rotation appears as a beating between the modes. However, such beams always 
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Figure 3.4: Double helix formed by the braided nodal lines obtained by tracing 
the spatial locations of the vortex cores during propagation in Figure 3.3. 
rotate in nonlinear media because the nonlinear component does not vanish 
even for the linear modes with b = ay/2. Note the similar effect of the enhanced 
rotation of two dark vortices in defocusing media [141] with respect to their spiraling 
in free propagation [142], 
Using Eq. (3.2) and the variational solutions for A, a, and b, Q can be calculated 
for different tripole sohtons in the parameter domain {k,a) [see Figure 3.2(a) . 
Surprisingly, for positive angular momentum a > 0, negative angular velocity 
for small k and a > T:/b is obtained. However, at such small values of k (and 
low power P — J j E p d r ) the tripole beams are unstable and, similar to the case 
of local media, they break up into several fundamental solitons [see Figure 2.5(a) 
corresponding to the case where a = 7r/4]. 
Since the approximate soliton profiles differ from the exact stationary solutions, 
the beams oscillate during their propagation, facilitating their break up at low pow-
ers. In contrast, for the powers above a certain threshold the tripole beams become 
stable, surviving strong oscillations over several hundreds of the soliton periods TT/ZC. 
In Figure 3.2(b) the stability domain in the plane (a, P) is shown. In contrast with 
the case of rotating nonlocal dipole [100], where the stability threshold monoton-
ically increases with angular intensity modulation, here the threshold attains its 
maximum for TT/S < a < 37r/8. In both cases (dipole and tripole), the power 
threshold attains its minimum for the radially symmetric vortex ring, a = •n/A. 
Increasing power in the scaled system is equivalent to the transition to highly 
nonlocal regime, a co, where, as discussed in Section 1.3, the nonlinear term in 
Eq. (1.22) can be reduced to an effective harmonic potential; 
J R{\v' - r | ) |^ ( r ' ) |W (1 - r y a ^ ) P / n a \ (3.3) 
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Figure 3.5: Family of the generalized 3 x 2 multipole solitons for power P -
200 versus a. 
The governing equation [Eq. (1.22)] then becomes linear, and it has exact solutions 
in the form of stationary HLG modes [Eq. (3.1)] with b = a\/2 and zero angular 
velocity, fi = 0. In good agreement with this transition, the full model predicts a 
very slow decrease of fi at high powers and k > 100, not shown in Figure 3.2(a), 
i.e., solitons with larger "mass" P rotate slower. 
To illustrate stable spirahng of the higher-order nonlocal beams, in Figure 3.3 
the intensity and phase distributions of the tripole sohton with a = —tt/8 and 
P = 200 are shown. The direction of rotation is indicated by white arrows, while the 
spatial locations of two vortices embedded in the phase distribution are marked by 
white circles. Previous theoretical and experimental studies demonstrated unstable 
spirahng of bright solitons [32] and dark vortices [141], but this provides the first 
example of stable spirahng of self-trapped vortices in self-focusing nonlocal media. 
No mutual transformations between the different modes have been observed since 
such transitions are forbidden, which is partly due to the conservation of the angular 
momentum. In addition, as it is demonstrated in the next section, energy bands 
corresponding to the different tripole solitons never cross or coincide, and this has 
a great impact on the stabihty properties of the beams. 
Tracing the spatial positions of the vortex cores, in Figure 3.4 it is possible to 
reconstruct a double helix formed by the braided nodal hnes. Note that an analogous 
effect in free propagation in linear media can be observed by perturbing a specific 
superposition of nondiffracting Bessel beams with a plane wave [143 . 
In summary, tripole-like beams have been studied in nonlocal nonlinear me-
dia with a gaussian response. The propagation dynamics of the higher-order soli-
tons carrying a pair of vortices have thus been analyzed in detail and the general 
approach developed here will be useful for analyzing other types of singular self-
trapped beams, i.e., the beams with nonzero angular momentum carrying optical 
vortices that can describe knots and links of vortices [144] in nonlocal nonlinear 
media [see Section 3.4 . 
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Figure 3.6: (a) Power P vs. k for a = 0,7r/16, tt/S, Stt/IG and 7r/4, different 
families are denoted by indices next to the curves, (b) Hamiltonian vs. P. 
Bands belonging to the GNn states are shown to emphasize the difference in 
the structures. Inset shows an enhancement of a small section of the bands 
belonging to GNn and GN2o-
3.3 Spiraliiig accompanied by transformations 
In the following the generalized 3 x 2 matrix solitons GN21 are considered. As 
before direct simulation of the beam propagation is performed with the fast-Fourier-
transform splitstep algorithm, using variational solutions as input profiles. Again 
varying both a and power P numerous simulations are executed to investigate the 
dynamics and stability properties of these higher-order generalized beams. 
The family of the generalized 3 x 2 multipole matrix consists of the U21 modes 
given by 
U2i{x,y,a) = -2iAexp{-{x^ + 
X y (b^ + - y'^) cosa + y ( -36^ -h -I- y^) cos So 
-F 2\x ( -26^ + + + + x'^ + cos 2a) sin a /b^. 
(3.4) 
Using Eq. (3.4) and varying a from 0 to n/A produces the astigmatic transfor-
mation from the 3 x 2 matrix to a double ring single charge necklace mode, [see 
Figure 3.5]. Recall that this transformation was observed numerically, by inves-
tigating the instability-induced evolution of a perturbed double-ring single-charge 
vortex soliton [100]. 
By numerically deriving variational solutions, the resulting beam profiles and 
their pertaining phase distributions are shown in Figures 3.5(a)- 3.5(j). This reveals 
a deformation from the pure 3 x 2 matrix with zero topological charge through 
highly complex profiles, note in particular the 7 separate vortices enclosed in the 
phase distributions. Finally, at a = n/4 a single charge double vortex ring emerge. 
Note also that a total topological index of 1 is conserved for all 0 < a < 7r/4. Due 
to a nonzero angular momentum resulting from a nonzero topological index, in [100 
it was demonstrated that the beams rotate during propagation. 
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Figure 3.7: (a) Ratio of Angular momentum M and power P vs. k of various 
GN2i(x, y; a), (b) Stability domain in the parameter plane (a, P). Circles de-
note stable propagation while black and blue dots signify unstable and quasi-
periodic propagation respectively, (c) Angular velocity Q of GN2i(x, y;a). 
Next, direct simulations of Eq. (1.22) are carried out and they reveal several 
different phenomena. In spite of substantial differences in structure, propagation 
dynamics and stability scenarios of the GN2i(a;, y; a ) modes are remarkably similar 
to those of the GNii(j;, y; a) , with the obvious deviations manifested by the rotation 
of the GN2i(x, y , 0 < a ) and different power thresholds. Hence it is found that at low 
beam power, reminiscent of a local medium, the beams become unstable and break, 
where at higher power the propagation of the beams is significantly altered and 
become quasi-periodic for 0 < a < 7r/4. However, similarly to the pure quadrupole 
GNii(a;,y;0) the pure 3 x 2 matrix soliton GN2i(x,j/;0) also becomes fully stable. 
In Section 3.2 propagation of the generalized rotating tripole was studied and 
it was found that at a given power threshold the solitons became stable regardless 
of a. This dynamics is in sharp contrast with the dynamics reported here and this 
deviation becomes more evident by comparing the two diagrams in Figures 3.6(a) 
and 3.6(b). Here bands of P{k) and 'H(F) formed by three soliton families are 
shown and it clearly demonstrates how the bands for different a of the generahzed 
tripole i.e., GN20 never cross or coincide even for high powers, not shown here. 
Therefore due to the structure of the energy bands for various a transitions from 
one symmetry to another do not occur. In clear contrast different bands within the 
families GNn and GN21 cross and even coincide, and the beams experience mutual 
transformations accordingly. 
Interestingly, variational solutions for the GN21 at different values of a and k 
demonstrate that the ratio of angular momentum and beam power M/ P increases 
with a, see Figure 3.7(a). Evidently however, this does not prevent mutual trans-
formations between different states, and in addition simulations demonstrate that 
M/P is conserved throughout propagation, not shown here. The resulting stability 
domain in the {a, P) plane is shown in Figure 3.7(b), where, similar to the rotating 
dipole and tripole, the threshold reaches a minimum for a = 7r/4. 
Due to a nonzero angular momentum M for all 0 < ct < 7r/4, nontrivial trans-
formations of the GN2i(a:, y; a ) are accompanied by spiraling of the beams. This 
is clearly demonstrated in Figure 3.8 which shows quasi-periodic propagation and 
50 
H 
(a) (b) 
Oo 
Oo 
Oo 
Figure 3.8: Quasi-periodic propagation accompanied with spiraling of the 
GN2I(X, = TT/S) mode with power P — 275. 
rotation of the GN2i(x, Y; TT/S) mode at P = 275. In other words since the beam 
is not structurally stable, at certain distances throughout propagation the beam 
transforms into a 3 x 2-like structure with subsequent revivals of the initial state. 
In fact, for all values of a > 0 the beams evolve into the 3 x 2-like structure, whereas 
transitions into the circular symmetric mode GN2i(a;, y; 7r/4) do not occur. 
Note that for 0 < ct < 7r/4 the beams initially consist of rather complex phase 
structures carrying seven distinguishable vortices and by tracing the spatial loca-
tions of the vortices a nodal thread is constructed. This structure is similar to the 
double helix obtained in Section 3.2, only this time with no less than seven nodal 
lines forming the thread. 
To summarize the family of the generalized 3 x 2 multipole has been studied. 
Through extensive numerical investigations it was found that propagation of the 
generalized multipole sohton GN21 with a > 0 involves both spiraling and quasi-
periodic mutual transitions of different states. Given the complex structures, spi-
raling of the beams gives rise to twisted nodal threads formed by the self-trapped 
vortices embedded in the phase distributions. 
3.4 Links and knots of vortices 
In previous works [36] it was theoretically predicted and experimentally con-
firmed [144] that a specific superposition of optical beams in linear media led to 
formations of vortex links and knots. In addition these complex nodal line struc-
tures were threaded by braids of vortices consisting of two and three nodal lines 
respectively. Observing that , similarly to [144], the structure of the double helix 
in Section 3.2 traced out by the two vortices embedded in the phase of the tripole 
beams consists of exactly two braided nodal lines, the natural question is to ask if 
this results in the formation of vortex links in a nonlocal nonlinear mediimi. 
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Figure 3.9: Vortex link formed by nodal lines surrounding the double helix 
braid. Arrows indicate propagation direction. Note that red and blue lines 
indicate topological index 1 and -1 respectively. 
Therefore, recall the generahzed family of the rotating tripole sohtion [see Sec-
tion 3.2] which exhibited stable propagation over hundreds of soliton periods above 
a given power threshold. In Figure 3.1 the variationally obtained stationary solu-
tions are depicted and except for the state with a = 0 they all carry two vortices of 
the same charge in the phase distributions. Thus the propagation of these beams is 
accompanied by rotation as well as oscillation of the intensity profile. 
In the following, the spatial locations of vortices are then traced in the entire 
computational window which extends well beyond the beam, and that enables to 
literally obtaining a forest of nodal lines weaving highly complex patterns as the 
beam propagates. Nevertheless at certain propagation distances several distinguish-
able vortex links surrounding the nodal braid are indeed detected [see Figure 3.9 . 
Note that the propagation direction coincides with the direction of the nodal braid 
threading the link. 
Motivated by these findings and from [36], the idea then is that the extended 
case, i.e., the nodal thread consisting of seven nodal lines constructed from the 
GN2i(rr, y; a) modes with a = 7r/16;7r/8 and 37r/16 will correspondingly lead to 
formations of more complex topological structures such as vortex knots. 
By performing identical investigations this is indeed confirmed and the resulting 
vortex knot is shown in Figure 3.10. Note again that the propagation direction 
coincides with the direction of the nodal lines in this case threading the knot. In-
terestingly, the knots for GN2i(a;, y; TT/IG), GN2I(X, y; TT/S), and GN2i(a;, y; 37r/16) 
were found only above a certain power threshold. 
Explaining and predicting the formation of such complicated structures as vortex 
links and knots represents a highly complicated problem, however in Figure 3.7(c) it 
is noticed that the angular velocity and hence the pitch of the nodal lines threading 
the knots increases with k and a. It is therefore expected that formations of links 
and knots depend crucially on the pitch of the thread and the angular velocity of 
the beam as a whole. 
In summary, propagation of the generalized multipole solitons, here exemplified 
by the two modes GN20 and GN21, involves spirahng of the beams. Due to the 
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Figure 3.10: Vortex knot formed by nodal lines surrounding a multi nodal 
thread. Arrows indicate propagation direction. Red and blue lines indicate 
topological index 1 and -1 respectively. 
complex structures of the solitons this gives rise to twisted nodal threads formed 
by the self-trapped vortices embedded in the phase distributions. As it turns out, 
the combined effect of spiraling and oscillations of the beams leads to formations of 
intricate topological distributions in form of links and knots which are studied in 
more detail in the next section. 
3.5 Vortex loops, links and knots in nonlinear media 
In this section, our main focus is aimed at exploring more elaborately the intri-
cate dynamics responsible for the formation of various complex topological nodal 
line structures such as vortex loops, links and knots [36, 144]. In order to fully 
appreciate these highly complicated phenomena, the following analysis is based on 
the fundamental soliton propagating in a local saturable medium. This obviously 
represents a far more simple example as compared to the highly involved beam 
structures propagating in a nonlocal nonlinear medium, which were considered in 
the preceding sections. 
As such, it allows for a semi-analytical investigation based on the variational 
approach, supplemented by extensive numerical simulations of both the variationally 
obtained stationary state corresponding to the fundamental soliton and a deformed 
fundamental soliton obtained by adding various perturbations and modulations to 
both the intensity and the phase distribution of the beam. As will be shown, the 
investigations clearly demonstrate that even in this relatively simple case, vortex 
loops, links, and knots are formed. 
The nature of the investigations obviously necessitate the ability to both detect 
and trace effectively and accurately the singularities appearing in the phase distri-
butions of the propagating beams. Therefore, it should be noted that in order to 
perform such involved computations, a sophisticated approach has been developed, 
which is mainly based on the assumption that in general only two types of nodal 
lines are possible. More specifically, these are global vortex lines, i.e., lines that 
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both enter and exit the computational window, and closed vortex loops which re-
side inside the computational window and in turn can form both links and knots. 
This prediction strictly dictates that no "loose" ends exist or in other words no 
single vortex is ever created or annihilated. 
In fact, in what follows, the entire notion of vortex pairs being simultaneously 
created and annihilated is discarded, and in addition the distinction between neg-
ative or positive topological charge is replaced by the definition of the vortices ap-
pearing to be either approaching or moving away from some well pre-defined point 
of view. 
Due to the exact balancing of spatial diffraction and self-focusing effects the 
phase front of a propagating soliton is shown to be flat [2, 3] and invariable, however 
even smah perturbations in the intensity profile can cause the beam to oscillate. 
This alters the phase distribution and in some cases intricate singularities i.e., the 
appearances of zeros in the intensity as well as the phase [see Section 1.2] arise which 
occasionally form vortex loops surrounding the beam. The loops are geometrically 
orientated parallel to the transverse plane and the spatial extent or the size of the 
loops apparently depends on a number of various factors, such as beam power and 
amplitude of oscillations. 
Presumably the formation of the loops occurs at or in the vicinity of the interface 
between nonlinear and linear regions, i.e., regions of high and negligible intensity. 
It is thus determined by the competition between the two distinct beam profiles, 
namely the fast decaying nonlinear Gaussian-like profile and the slower decaying 
exponential profile of the small amplitude beam tail. 
It follows that whenever a fundamental soliton undergoes continuous oscilla-
tions of the intensity profile during propagation but otherwise remains stationary 
and structurally stable, it should be expected that vortex loops are created through-
out the entire propagation length. Moreover, due to the symmetry of the current 
physical system, a more or less regular periodicity is assumed to appear in the 
formations, sizes, and locations of the loops. 
Clearly the formation of vortex loops is not limited to the case of a propagating 
fundamental soliton and the following analysis holds for beam propagation in non-
linear media in general as well as for different beam topologies, however with the 
important constraint being that the beams are structurally stable. 
As mentioned, here the stable propagation of a fundamental soliton in a local 
nonlinear saturable medium is considered. Numerous simulations are conducted 
with the main purpose of investigating in detail the dependence of formation and 
properties of nodal line structures on various adjustable parameters such as beam 
widths, power, and different types of perturbations added to the variationally ob-
tained stationary solutions. Note that, as in the preceding sections, the variational 
solutions do not represent exact solutions and the beams are found to oscillate 
regardless of which input profile is being launched. 
Similar to the nonlocal Gaussian model variational solutions are derived using 
the standard Ritz minimization procedure with the Lagrangian given by 
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Figure 3.11: (a) Self-induced potentials for several beam powers P. Beam 
width ao of the variational stationary solutions correspond to the points on 
the curves where dl l /da = 0. (b) Beam width cq of the stationary solutions 
vs. beam power P. Note that at approximately P ~ 80 ao attains a minimiun 
and hence there are no stationary solutions with beam widths smaller than 
some threshold value ~ 2.3. 
where the Hamiltonian H represents an integral of motion and for a saturable 
medium is given by 
(3.6) 
As a solution to the nonlinear problem a Gaussian ansatz for the fundamental 
soliton is employed 
E = ^ ( z ) e x p [ -
x^ + y^ 
(3.7) 
where variational parameters A, a, and if in general depend on the propagation 
distance 2:. Note that, for the truly stationary state with a flat phase front I3{z) = 0, 
and in that case the free phase parameter ip depends linearly on 2:, i.e., ip = kz, 
with k being the propagation constant. 
By deriving the variational equations the following expression for the second 
derivative of the beam width a is obtained 
d^a 4 47ra , , , .n^ 47ra ^ . 9 \n/ 2 
ln(l + + ^ (3.8) 
n=l 
and as expected it depends on the amplitude A and power P, note that P = A^a^ir. 
By using the fact that 
dz^~2da\dz) ^ ' 
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Figure 3.12: Different properties of the formed loops for P = 200 and different 
values of the perturbation parameter p. In particular in (a) p = 1, (b) p = 
1.05, (c) p = 1.1, and (d) p = 1.2. Here black curves depict the amplitude 
of the oscillations of the beams, while blue, red, and green curves show the 
widths of the loops, the distances between adjacent loops, and the thickness 
of the individual loops respectively. Note that each dot on the colored curves 
indicates the formation of a vortex loop. 
and substituting this expression into Eq. (3.8), integration on the left hand side 
yields 
da 
d~z 
2a^7r 
(3.10) 
ri=l 
where the first expression on the right hand side is in fact the negative potential in 
which the soliton self-traps, henceforth denoted n ( a ) , i.e., 
(3.11) 
n=l 
and Eq denotes the constant of integration, in this case given by — n ( o o ) , where o q 
is the beam width of the stationary solution. 
In Figure 3.11(a) several different potentials for various beam powers are plotted 
and beam widths of the stationary variational solutions correspond to the points 
on the curves where the derivative of the potential with respect to a vanishes, i.e., 
dn = 0. 
ao 
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Figure 3.13: Comparison of the period of oscillations for different p as pre-
dicted by variational approach Tyar and numerical simulations T„„m- (a) 
P = 200. (b) P = 1500. 
In Figure 3.11(b) the different beam widths are plotted against the beam powers 
and it demonstrates that the width attains a minimum value at P ~ 80, or in other 
words there are no stationary variational solutions with beam widths smaller than 
some threshold value ~ 2.3. 
Next, extensive numerical simulations are performed for several different powers 
and with small perturbations in the form of modulated beam widths. These are 
obtained by multiplying the stationary solution uq by some small parameter p, 
where in particular 1.01 < p < 1.25. The results are summarized in Figure 3.12, 
which depicts the oscillations (black curves) of the beams during propagation for 
P = 200. 
In particular. Figures 3.12(a)- 3.12(d) thus correspond to different increasing 
perturbations, note that because the solutions are not exact, the variationally found 
stationary states oscillate slightly during propagation [see Figure 3.12(a)]. 
The previous equation [Eq. (3.10)] allows to estimate the period T of oscillations 
of the various perturbed states and by considering the two extremum points Oi and 
02 between which the beam width oscillates, T is given by 
fT/2 pa-
/ Jai 
da 
(3.12) 
Hence it is possible to perform a comparison between the semi-analytical results 
and the exact numeric solutions, and in Figure 3.13 the dependence of the period T 
on perturbation p is depicted for both variational T^ar and numerical Tnum solutions 
for powers (a) P = 200 and (b) P = 1500 respectively. 
Generally the results in the two cases show a reasonably good agreement to 
within a few percent difference and with both solutions exhibiting similar tendencies 
to increase with perturbations, as is obviously expected. The variational solutions 
underestimate the periods of oscillations which is probably due to the fact that the 
exact numerical solution differ significantly from the Gaussian profile. 
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Figure 3.14: 3D plot of the formed loops for P = 200 and three different 
values of p, i.e., (a) p = I, (b) p = 1.05, and (c) p = 1.2. 
As mentioned, the oscillations are presumably what cause singularities to ap-
pear in the phase distributions and remarkably at certain distances the singularities 
combine to attain the form of vortex rings or loops which surround the beam. These 
rings vary in both thickness (i.e., spatial extent in the propagation direction) and 
size (width), and in addition, as can clearly be seen in Figure 3.12, the magnitude 
of the fluctuations depend strongly on the amplitude of the oscillations, and hence 
the perturbation of the beam widths. Note that in both red, blue, and green lines 
each large dot indicates the formation of a vortex loop. 
Interestingly, in Figures 3.12(b)- 3.12(d) the periodicity of the appearance of 
the loops, i.e., the distance between neighboring loops is more or less constant and 
appear to be in sync with the minima of the beam oscillations. Moreover, the loops 
apparently become less distorted and thereby increasingly smooth and regular as 
the oscillations become stronger. Finally the widths of the loops decrease while on 
the other hand the thickness shows an almost linear dependence on On the other 
hand, when launching the stationary solution [see Figure 3.12(a)], which undergoes 
very small oscillations, the loops become highly irregular and distorted. Note that 
for all cases, the spatial extent of the oscillations never overlaps with the spatial 
location of the vortex loops. 
In Figure 3.14 the formed vortex loops are depicted for three different values of 
the perturbation parameter p. By comparing Figures 3.14(a)- 3.14(c) it immediately 
becomes evident that the loops indeed show a clear tendency to evolve from strongly 
distorted and irregular entities to highly ordered structures exhibiting a remarkable 
uniformity. Note that in excellent agreement with Figure 3.12 (blue lines) the widths 
of the loops clearly decrease with stronger perturbations, while the distance between 
the loops remain almost constant thus keeping the loops well separated spatially. 
At substantially higher beam power, not shown, the dynamics and properties 
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Figure 3.15: 3D plot of the formed loops at a substantially higher power, 
namely P = 1500 for three different values of p, i.e., (a) p = 1, (b) p = 1.05, 
and (c) p = 1.2. 
of the loops change dramatically. Both the amplitude A and beam width a are 
increased and opposite to the previous case [see Figure 3.12] both the loop width and 
the distance between loops show a distinct tendency to experience a growth in their 
fluctuations with stronger perturbations. It follows that rather than damping the 
fluctuating behavior of the loops, i.e., both widths, thickness, and mutual distances, 
the spatial magnitude of the beam oscillations eventually overlap with the spatial 
region in which the loops reside, which triggers a strong interaction between the 
soliton and the singularities. In addition, the number of loops is increased which 
suggests that a slower oscillating beam causes additional loops to form during the 
oscillations. 
The vortex rings depicted in Figure 3.15 are both wider and appear slightly 
more deformed than the loops in Figure 3.14, and the distance between the loops 
is markedly decreased. In this case the width is more or less constant. Note the 
distinct spatial periodicity with which the loops, in groups of two, appear to have 
arranged themselves. 
The idea now is that whenever the distance between neighboring loops becomes 
sufficiently small, or alternatively the thickness of the loops is comparable with the 
spatial separation of the loops, it will cause neighboring loops to interact and cause 
them to recombine into nontrivial nodal line structures such as links and knots. It 
is however expected that this necessitates a certain twisting and deformation of the 
rings, which can be realized by launching an elliptical beam rather than the radially 
symmetric beam considered above. In addition, rotation of the beam structure as a 
whole, causing the loops to rotate along with the beam, is assumed to be essential 
to the formation of such complex topological compositions. 
In the following, a different beam structure based on the fundamental soliton 
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Fundamental Perturbed 
Figure 3.16: (top) Intensity profiles for (a) fundamental soliton and (b) per-
turbed beam, (bottom) Corresponding phase distributions. As before the 
colors for intensity are mapped from zero (blue) to maximal value (red), 
while phase is scaled from —TT to TT. 
is therefore considered. The parameter p is now multiplied only with the beam 
width in one transverse direction which gives the beam its elliptical shape and a 
different phase distribution is imposed on the original flat phase of the soliton. The 
perturbed beam Epen thus takes the form 
Epert = ^ exp -
2a2 2pa^ 
+ \k{x cos Q + y sin a)" (3.13) 
where the free parameters k and a in combination with power P determine the 
angular momentum and hence the angular velocity or pitch of the rotating soliton. 
In Figure 3.16 a comparison between the unperturbed fundamental soliton with 
a flat phase front and a perturbed beam with a complicated phase distribution is 
depicted. 
Here a = ir/i has been chosen and by simple trial and error, numerical sim-
ulations revealed that very low values of k correspondingly have very little effect 
on the beam propagation as well as properties and structures of the loops. On the 
contrary, high values of k cause the beam to experience such strong modulations 
that it eventually becomes unstable and breaks, which obviously has similar de-
structive effects on the loops as well. As a result the value of k is found to lie within 
a relatively narrow range of 0.01 < k < 0.05 for the desired effects to transpire. 
As previously, the investigations involve numerous numerical simulations with 
several beam powers and different values of the modulation parameters, p and k. In 
good agreement with the considerations above, links and knots were never observed 
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Figure 3.17: (a) Vortex link formed by two spatially overlapping spiraling 
nodal loops. Parameters here are P = 1500, a = 7r/4, p = 1.2, and k = 0.02. 
(b) Vortex knot formed by three modulated spiraling nodal loops. Same 
parameters as in the case of the link. 
to form for P = 200. Specifically, this apparent absence of both links and knots is 
mainly due to the relatively large distance between neighboring loops, i.e., even at 
strong deformations the spatial extent of the individual loops never reach or overlap 
the spatial regions of adjacent vortex rings. 
This picture is radically altered however when considering a significantly higher 
power, namely P = 1500. As noted in Figure 3.15 the loops here are situated 
markedly closer to one another and hence a spatial overlap of adjacent loops is 
much more likely to occur. This is clearly demonstrated by the formations of vortex 
links in a great range of parameter values, and as an example in Figure 3.17(a) one 
such link is shown. Here the individual loops have been deformed and twisted to 
such a degree that they eventually occupy the same spatial region, which causes 
them to form a pair of vortex rings linked together. 
Intriguingly, a somewhat more complex topological composition is also possible 
in which three deformed spiraling loops can occupy the same spatial region and 
combine to form a vortex knot [see Figure 3.17(b) . 
Note an important difference between links and knots manifested by the fact 
that the vortex link clearly consists of two distinct loops which remain self-similar, 
while the knot, on the other hand, appears as just one loop which, through intricate 
twists and turns, eventually folds into itself and "bites" its own tail. 
It should be stressed here that both the vortex link and the vortex knot depicted 
in Figures 3.17(a) and 3.17(b) respectively are obtained for power P == 1500 with 
p = 1.2, Q = 7r/4, and k = 0.02. At the same values of parameters P, p, and a, but 
a slightly smaller value of k, namely k = 0.018 no less than five loops are found to 
merge and form the knot depicted in Figure 3.18. 
In summary, in the above analysis propagation of the fundamental soliton in a 
local saturable medium was investigated. Stationary solutions were subsequently 
derived be employing the well-known variational approach with a Gaussian profile 
serving as the trial function. By varying the beam width and simultaneously keeping 
the power constant numerous numerical simulations were conducted. Due to the 
fact that the beams exhibited periodic oscillations of the intensity profile during 
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Figure 3.18: Vortex knot this time formed by no less than five modulated spi-
raling nodal loops. Same parameters as above except for the slightly smaller 
value of k, namely k = 0.018. 
propagation, intricate singularity distributions emerged, and special attention was 
given to the formation of vortex rings surrounding the beam. 
Simulations clearly demonstrated a strong dependence of these structures on 
both amplitude of the oscillations and beam power. In addition the distance between 
adjacent loops was found to monotonically decrease with power and consequently 
above a certain power threshold highly complicated nodal line structures emerged, 
created by the interaction and recombination of several deformed and spiraling 
vortex loops. 
The above results, as mentioned, are not Hmited to propagation of the funda-
mental beam, but are rather generic in the sense that the essential requirement of 
the appearance of singularities is represented by the oscillations of the beam and 
that the beam remains structurally stable over large propagation distances. 
Given the fact that nonlocality on one hand is shown to allow for stable propa-
gation of optical solitons and in addition supports formation and propagation of a 
substantially greater variety of optical beams, these considerations are in excellent 
agreement with the observations of similar phenomena in a nonlocal medium as 
demonstrated in Section 3.4. 
3.6 Summary 
To summarize, in the first part of this chapter evolution of two distinct families 
of higher-order nonlocal GN solitons was investigated in detail through extensive 
numerical simulations. In particular the studies involved the propagation dynamics 
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of the generalized tripole solitons and 3 x 2 matrix solitons. 
As expected, at low beam power the beams were all unstable and disintegrated 
shortly after launching, however above a certain power threshold depending on 
beam topology, various novel phenomena were uncovered in the form of spiraling 
self-trapped vortices, quasi-periodic transformations accompanied by rotation of the 
beams, appearances of twisted vortex trajectories, and formations of intricate nodal 
line structures in the form of vortex links and knots. 
The latter were later studied in more detail by considering a perturbed funda-
mental soliton in a local nonlinear saturable medium. It was shown that oscillations 
of the beam triggered the creation of vortex loops surrounding the beam, and they 
appeared more or less periodically. 
By perturbing the fundamental soliton even further, the beam attained an ellip-
tical shape and an angular momentum, and combination of this asymmetry as well 
as spiraling of the beam paved the way for the creation of both vortex links and 
knots. 
The model used for the construction and propagation of the solitons in the 
first part of this chapter as well as in the preceding chapter was based on the 
phenomenological Gaussian nonlocal response function which is very instructive 
and generic in the sense that similar results will be observable in more realistic 
models, however it does not as yet represent a known physical system. 
In the next chapter a more realistic nonlocal thermal model will therefore be 
considered and the particular reason for that is two-fold. In particular, it is investi-
gated to what extend such a nonlocal medium supports stable propagation of several 
types of higher-order optical sohtons and moreover whether similar transformation 
dynamics are observable in a thermal medium, which could eventually lead to the 
experimental observation of such transitions. 
Finally boundary effects on soliton propagation is considered and to that end 
different sample geometries are investigated, supplemented by launching the solitons 
at different transverse spatial locations in the thermal sample. 
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CHAPTER 4 
Solitons in thermal nonlocal media 
4.1 Introduction 
The nonlocal nonlinear responses generally appear as a consequence of several 
different physical processes, [see Section 1.3], and they are therefore present in 
a large variety of physical systems. The study of the effects determined by the 
nonlocal nonlinear response has experienced a growing interest recently, both the-
oretically and experimentally, due to properties that include arrest of catastrophic 
collapse [65], significant suppression of modulational instability [68], and the ability 
to support the formation of higher-order solitons [75, 93, 94 . 
In order to investigate to what extend nonlocality supports stable propagation of 
various higher-order modes, in Chapter 2 the higher-order solitons were constructed 
that extended the well-known HG, LG and HLG linear modes to the case of non-
linear media with the Gaussian nonlocal response. Thus the nonlocal HN, LN, and 
GN were realized and the propagation of these beams, varying both the modulation 
parameter p for the LN modes and a for the GN modes, was studied for several 
power levels and beam symmetries. 
Extensive numerical simulations revealed fundamental differences in their prop-
agation dynamics depending on both beam topology and degree of nonlocality. 
Indeed, in the local hmit all higher order nonlinear modes were found to be unsta-
ble, but at some threshold which varied depending on the structure of the solitons 
they would either become stable or exhibit highly nontrivial mutual transformations 
between seemingly disparate beam structures of radial and rectangular symmetries. 
In addition, it has been shown recently that nonlocal media enable stable propa-
gation of the rotating soliton complexes, the so-called azimuthons [100, 101]. Recall 
that azimuthons were originally proposed in the context of local nonlinear media [64 
and they are azimuthal modulated beams with nontrivial phase structures exhibit-
ing steady angular rotation in propagation. 
The above mentioned works, however, employed the so-called Gaussian model 
for describing the nonlocal response of the media. While being very instructive and 
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useful, in particular, in applying the analytical approach to study the dynamics of 
solitons, this model serves only as a phenomenological model of nonlocality and does 
not describe the nonlocal optical response of any known specific physical system. 
The aim of this chapter is to explore the interaction and propagation dynam-
ics of different beams in a more reahstic thermal medium which represents a real 
system with nonlocal nonlinearity. Unlike weakly nonlocal systems and the sys-
tems with the Gaussian response where the degree of nonlocality is finite, in the 
systems with thermal response the spatial scale of nonlocality is always as large 
as the physical dimensions of the material sample. This is because the thermal 
response is determined by the details of heat transfer at the boundaries. As a con-
sequence, the sample geometry may have a profound effect on the structure of the 
formed solitons, their stability and mutual interaction [116, 125, 145]. In particu-
lar, recent experiments [116] have shown that, when a circularly symmetric beam 
is launched in a sample with rectangular boundaries, it evolves into an elliptically 
shaped output beam. Moreover, numerical simulations [125] have demonstrated 
that a thermal sample of rectangular cross section with the appropriate dimensions 
stabilizes nonrotating dipole solitons, which are unstable in a square sample. In the 
same work it was also noted that all higher order solitons, e.g., tripoles, quadrupoles 
and necklaces, are unstable regardless of the sample geometry. 
Note that this behavior is in sharp contrast to the results in [100] and Chapter 3, 
showing that both the rotating and nonrotating dipoles and tripoles are stable 
in a nonlinear media with a nonlocal Gaussian response, provided the degree of 
nonlocality is sufficiently high. 
Propagation of the rotating dipole and a necklace beam is therefore studied and, 
similar to the results in [100], it is observed that above a certain power threshold 
the dipole solitons propagate stably for several tens of soliton periods. In addition, 
an example of a semi-stable rotating necklace-type sohton is demonstrated. These 
results, when compared with the results from the preceding chapter, strongly suggest 
that the stabilization mechanism is a generic property of a spatial nonlocal nonlinear 
response independent of its particular functional form. 
However, the thermal response is determined by the details of heat transfer at 
the boundaries, and the sample geometry has a profound effect on the propagation 
dynamics as a whole [116, 125]. This effect is demonstrated by launching several 
beam symmetries in samples of different geometries and at different transverse po-
sitions in the sample. As a consequence, the beams undergo different transitions 
depending on the ratio of the sample. In a different case they experience a strong 
modulation of the input profile induced at an earlier stage of propagation due to a 
correspondingly stronger force resulting from the soliton being launched closer to 
the boundary. Moreover, the solitons exhibit transverse motion across the sample 
due to the induced difference in the gradient of the transverse profile of the response. 
In a thermal medium the intensity of the optical beam acts as a heat source. 
As a consequence the nonlinearity stems from a local heating of the medium which 
effectively alters the refractive index via the thermo-optic coupling. Through diffu-
sion the heat is transported to regions of lower temperature which in effect renders 
the response nonlocal. In thermal media the steady-state temperature and the re-
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Figure 4.1: (a) Example of a stable rotating dipole solitoii in a thermal non-
local nonlinear medium, (b) Spatial profile of the refractive index change 
induced by a dipole soliton with the contrast parameter p = 0.7 and input 
power 5W. (c) Stability domain for the rotating dipole solitons for the pa-
rameters {p,P)-
fractive index distributions are determined not only by the intensity of the beam 
but also by the boundary conditions [146]. In the following we therefore adopt the 
Dirichlet boundary condition corresponding to thermally connecting the boundaries 
to a heat sink at a fixed temperature Tc-
Propagation of optical beams is governed by the paraxial NLS [Eq. (1.2)] with 
the nonlinear response of the thermal medium, which can be either focusing 
or defocusing, described by the heat equation, which in the steady state has the 
following form 
+ ^ ^ r ^ = - i h dx^ dy' (4.1) 
where 7 depends on the material parameters such as thermal diffusion constant, 
linear absorption, and thermo-optic coefficient. 
In the following, the split-step beam propagation method based on the fast 
Fourier transform algorithm is employed to simulate beam propagation in a thermal 
sample, and at each propagation step the spatial profile of the refractive index is 
evaluated by solving iteratively the heat equation [Eq. (4.1)] with the corresponding 
Hght intensity distribution as a heat source. 
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Figure 4.2: (a) Example of a stable rotating necklace soliton in a thermal 
nonlocal medium with input power 5W. (b,c) Surface plots of the intensity 
and refractive index profile, respectively. 
4.2 Spiraliiig dipole and multipole solitons 
In this section, propagation dynamics and stability of rotating two-soliton bound 
states and higher-order necklace solitons in nonlocal nonlinear media are investi-
gated and compared for two different nonlocal models. This serves two distinct 
purposes, namely first by comparing the results from two different nonlocal models, 
i.e., phenomenological versus more realistic model, a more detailed insight into the 
generic properties of nonlocality is naturally obtained. Secondly, investigations in-
volving a more realistic model promise to determine more accurately the prospect 
of experimentally realizing and observing various interesting effects in thermal non-
linear media. 
The Gaussian model employed in Ref. [100] serves as a phenomenological exam-
ple of a nonlocal nonlinear medium. This is a very useful model for the theoretical 
analysis, but it does not, as mentioned, describe a specific physical system of a 
nonlocal optical response. For comparison, the properties of the rotating solitons 
in a thermal medium, which represents a real system with nonlocal nonhnearity, 
are studied. In both models it is demonstrated that the rotating two-soliton bound 
states and higher-order necklace sohtons can be stabiUzed for sufficiently high de-
gree of nonlocality. The results indicate that such rotating dipole solitons and 
higher-order necklace solitons should be observed experimentally in thermal nonlin-
ear media. 
As with the Gaussian response, an ansatz similar to Eq. (2.5) with n = 0, 
m = 1 and different values of the modulation depth p is used to define the initial 
amplitude of the beam. With various input conditions, evolution of the beams over 
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Figure 4.3: (a-c) Intensity distributions (left) and soliton trajectories (right) 
for three different initial positions of a Gaussian input beam. 
the distance of tens of the diffraction lengths are numerically investigated. 
In physical units, this corresponds to a distance of more than 20cm for beams 
of tens of micrometers in diameter . In order to link the simulations to real physical 
systems, the material parameters of lead glasses f rom [116] are considered. T h e 
thermally induced maximum index change then is of the order of 10"'^ for the b e a m 
power in the range of a few watts . 
In Figure 4.1, stable propagat ion of a ro ta t ing dipole soliton is demons t ra ted , 
similar to the results shown in Ref. [100]. In this par t icular case, the initial modu-
lation parameter is p = 0.7, and the beam power is taken as 5W. To demons t r a t e 
the unique long-range character of thermal nonlocality, in Figure 4.1(b) the spat ia l 
distr ibution of the refractive index change is shown. It is clear t ha t while t he dipole 
sohton itself occupies only a finite region, the s teady-s ta te refractive index profile 
extends over the whole computat ional window. 
In order to characterize the stability propert ies of the ro ta t ing dipole solitons, 
additional extensive numerical simulations of the soliton propagat ion are conducted 
by varying the initial modulat ion p as well as input power. T h e results of these 
simulations are summarized in Figure 4.1(c) which is analogous to t h a t in the case 
of the Gaussian nonlocal nonlinear model [100]. Each point of this graph repre-
sents a rota t ing dipole soUton with the specific set of parameters , and its s tabil i ty 
is determined numerically by the s tudy of the propagat ion dynamics. T h e inves-
tigation is restricted to a physically reasonable region of the input powers up to 
lOW^. In this region, the only relevant instabiUty scenario involves the b reakup of 
the dipole-soliton s tructure. However, because of a finite size of the computa t iona l 
window and an infinite extent of nonlocality, the complete b reakup was never ob-
served. Even if the splinters separate initially, this process is slowed down later by 
the index gradient in the vicinity of the boundaries. As a result, the dashed line 
in Figure 4.1(c) represents a quali tat ive t ransi t ion between the stable and uns tab le 
regimes. Its position was determined from the dependence of separat ion between 
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Figure 4.4: (a) Magnified trajectory of the blue trajectory (b) in Figure 4.3. 
(b) Coordinates, (c) amplitude, and (d) widths of the soliton on the red 
trajectory (c) in Figure 4.3; red lines: y-direction. black lines: x-direction. 
the fragments of the dipole soUton as a function of the input power. 
It should be mentioned that in recent studies [115, 125] the stability of non-
rotating dipole solitons in thermal media has been investigated, and it was found 
that all such dipoles are in principle unstable when the thermal sample in which 
they propagate has a square geometry as is the case in this study. With higher 
optical power they experience collapse and simulations performed here (not shown) 
confirm that scenario. However, since the growth rate for this type of instability 
is very low and collapse becomes important only for very high input powers, for 
typical experimental conditions these dipole solitons are physically stable. 
The stabilizing character of nonlocal nonlinearity suggests that nonlocal media 
should be able to support higher-order rotating soliton structures [see Chapter 3]. In 
Figure 4.2 an example of the stable rotating necklace-type soliton is depicted. The 
initial spin is imposed onto the structure by an initial helical phase modulation. 
Visible focusing is caused by the fact that the initial intensity pattern does not 
represent a stationary solution of the nonlinear model. 
In conclusion, it has been demonstrated numerically that a Kerr-type nonlinear 
optical medium with a Gaussian nonlocal nonlinear response supports the forma-
tion of stable rotating dipole solitons, i.e., dipole azimuthons for sufficiently high 
degree of nonlocality. Similar rotating dipole solitons and higher-order localized 
structures have been shown to exist in another, more realistic optical medium with 
thermal nonlinearity. Numerical simulations have demonstrated that nonlocality 
provides an effective stabilization mechanism for such rotating dipole structures as 
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Figure 4.5: Evolution of the quadrupole soliton. Intensity (top) and phase 
(bottom) distributions of input beam and intermediate states. 
well as higher-order localized structures such as soliton necklaces against azimuthal 
modulational instability. 
4.3 Boundary effects on propagation dynamics 
The aim in this section is to explore the effect of the sample geometry on beam 
propagation in a realistic thermal medium and to that end several beam symmetries 
are considered. It is highly expected that boundaries play a major role in the dy-
namics displayed by the solitons, so to uncover a substantial variety of novel effects 
a comprehensive study is undertaken which involve numerous beam symmetries, 
different sample geometries, and varying input conditions. 
Initially, the fundamental soliton is launched in a rectangular shaped sample 
from three different positions resulting in transverse motions across the sample. 
Specifically, the trajectories of a fundamental soliton in a rectangular shaped sample 
with aspect ratio two for three different cases are considered, i.e. the soliton is 
launched from three different positions (a;o,yo)- In all cases the beam is launched 
adjacent to the elongated boundary keeping y^ = 18, [see Figure 4.3(a)-(c)], with 
various positions in the horizontal direction, xq = 0, —2, and —40. 
In the case where the beam is placed in the center of the cell xq = 0, as shown 
in Figure 4.3(a), the induced refractive index profile is symmetric in one x-direction 
and thus the effective forces from opposite x-boundaries compensate each-other. 
However, due to the induced asymmetry [106, 145] in the gradient of the transverse 
profile of the response in y-direction, the beam is repelled by the boundary and the 
soliton moves in the vertical y-direction, periodically bouncing from one side of the 
sample to the other as it propagates. 
This behavior changes remarkably, however, when the input beam is shifted 
slightly off the center, xq = - 2 in Figure 4.3(b). As a consequence of the displace-
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Figure 4.6: (a) Evolution of the quadrupole when launched closer to the 
boundary. During propagation the beam clearly exhibits back and forth mo-
tion. (b) Refractive index profile at three propagation distances. 
ment, the induced potential well or the refractive index distribution, is now both 
horizontally and vertically asymmetric and exerts a net force in both transverse 
directions. The force exerted by the further away vertical boundary is correspond-
ingly smaller and the velocity of the soliton is therefore much higher in the vertical 
direction. This causes the soliton to follow a steep trajectory, the blue line in 
Figure 4.3(b) and the corresponding magnified trajectory in Figure 4.4(a), which 
clearly show that despite being launched very near the center, the soliton in fact 
reaches and bounces off the upper horizontal boundary before the middle of the cell 
is reached. 
Lastly, the soliton was launched near the corner of the sample [see Figure 4.3(c)] 
and here the repelling effect of the vertical boundary is correspondingly stronger. In 
contrast to the previous case, the soliton actually crosses the center of the cell before 
the opposite horizontal boundary is reached. The dynamics of the beam in this case 
is further demonstrated in Figures 4 .4(b) - 4.4(d), where the beam amphtude is 
plotted (b), two spatial positions (c) in x (red line) and y (black line) directions, 
and two full soliton widths (d) in both directions (x, red, and y, black). Note that 
the degree of ellipticity of the beam is comparable with the ratio of lengths of the 
cell boundaries. 
Thus, for both non-symmetric launch conditions it appears that once the soliton 
crosses the middle of the cell it slows down and eventually turns around due to the 
repelling force of the opposite boundary. This repulsion is a direct consequence of 
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Figure 4.7: Quadrupole soliton is initially located in the corner of the square 
sample. This results in diagonal motion across the sample accompanied by 
transformation nearly immediately upon launching. 
the nonlocal nature of the thermal response, combined with the intricate dependence 
of the response on the specific properties of the boundaries. In general, boundaries 
affect not only the position, but also the internal dynamics of more complex solitons 
of different symmetries. 
Next, more complex higher-order beam structures are launched in order to in-
vestigate whether a thermal nonlocal medium allows for the self-induced soliton 
transformations observed previously in the Gaussian model in Chapters 2 and 3. 
Therefore, two illustrative examples are considered, namely quadrupole and double-
ring vortex solitons. The role of rectangular boundaries on transformation dynamics 
and evolution of multi-sohton structures is demonstrated by (i) changing the initial 
location of a quadrupole soliton in a square sample and (ii) changing the aspect 
ratio of the transverse dimensions of a rectangular sample with double-ring vortex 
soliton. In general, any asymmetry facihtates the development of soliton transfor-
mations; however, for ring structures in rectangular samples novel transformations 
with no analogy in the free-boundary model are observed. 
As the first case, the propagation of a quadrupole beam, i.e., an optical necklace 
is studied, which consists of four out-of-phase petals and the (normalized) field 
distribution given by 
(4.2) 
The results of numerical simulations in a thermal sample with square cross section 
are shown in Figure 4.5. 
In the simulations the following parameters were used: A = w — A and 
7 ~ 10"^. In full agreement with the results of Chapter 2 mutual transformations 
between two modes of different symmetries are observed, namely the intermediate 
states resemble a single-ring fundamental sohton. Shortly after the second transition 
the dynamics however become increasingly disordered and eventually neither of the 
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Figure 4.8: Evolution of the single-charge double-ring vortex soliton in square 
sample. Propagation dynamics entails transitions into a complex multihump 
ring-like structure consisting of six discernible humps. 
two different symmetries will be distinguishable (not shown). The fact that the 
quadrupole is unstable agrees well with the predictions in [125]. However, the 
beam remains localized during propagation due to the strong confinement from the 
induced refractive index potential well. This confinement is a direct consequence 
of the fact that, in a nonlocal thermal system, unbound states or rather radiation 
waves do not exist [130]. 
Substantially different dynamics appear when an identical beam is launched 
asymmetrically, i.e., closer to one of the boundaries [see Figure 4.6 . 
Due to the induced difference in the gradient of the transverse profile of the 
response, in Figure 4.6(b) the beam is repelled by the boundary and moves period-
ically during propagation back and forth from one side of the sample to the other 
before experiencing nontrivial transitions at 5 ~ 2.4 x 10^, the same as in Figure 4.5. 
Note that this repulsion of the quadrupole beam leads to similar behavior as the 
dynamics depicted in Figure 4.3. 
Another example of the asymmetric launching of the beam, namely at the corner 
of the sample, is shown in Figure 4.7. The beam moves diagonally across the sample 
and transformation to the same fundamental mode with a single ring as in Figure 4.5 
is observed. However, the combined influence of two boundaries is considerably 
stronger and causes instabilities to initiate the transitions at a much earlier stage, 
cf. i = 1.5 X 10^ in Figure 4.7 and z = 2.4 x 10^ in Figure 4.5. At the later stage 
(not shown) the beam loses its symmetries and exhibits unstable propagation. 
Next the evolution of a double-ring single-charge vortex beam is considered. The 
beam is obtained as 
U{x, y) = A[x + \y){2w^ - - y^) exp ( -xV2u ; ' - (4.3) 
and simulations shown are done using the following parameters: = 9, w = 4 and 
7 ~ 4 X 10"^. Recall from the results of [100] that the instability-induced mod-
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Figure 4.9: (a) Spatial refractive index profile in a rectangular geometry with 
ratio 1.1. (b) Evolution of the same mode as in Figure 4.8 showing very 
similar features at much smaller propagation distances. 
ifications of this structure result in several appearances of a rectangularly shaped 
3 x 2 soliton matrix, followed by subsequent revivals of the original beam. On the 
other hand, as a consequence of the fact that the geometry of the thermal sample 
imposes limitations on the permitted beam structure [116, 125], in a square sam-
ple the transformations into the 3 x 2 soliton matrix are forbidden. Nevertheless, 
different transitions occur and the vortex beam attains a rather complex structure 
consisting of six discernible humps arranged in a ring-like azimuthally modulated 
structure [see Figure 4.8]. 
The question then arises whether a rectangular cross section will be able to 
support the formation of a beam of similar geometry ( 3 x 2 sohton matrix), and 
by considering different samples of various ratios (a ratio of one being a square 
sample) it is observed that this is indeed the case. In particular, several different 
geometries are investigated which reveal that the solitons exhibit different dynamics 
depending on the ratio. At nearly square cross section (ratio of 1.1) the dynamics 
is very similar to the square case and, as seen in Figure 4.9(b) at z = 5.2 x 10^, 
the modulational instabihty causes the beam to attain a structure that only slightly 
deviates from the one in Figure 4.8 at 5 = 4.4 x 10^. Note a major difference in 
the distance at which the first transformation occurs; it is an order of magnitude 
smaller. 
Increasing further the ratio eventually leads to the formation of a 3 x 2 multihump 
structure as seen in Figure 4.10 depicting propagation in a rectangular sample of 
ratio 1.5. 
Note also that the distance of first transition is further decreased. As it turns 
out, this distance decreases monotonically with increase in the sample ratio, al-
though showing a tendency to saturate. By comparing Figures 4.9 and 4.10 it is 
also noted that, due to the larger sample in the latter case, the refractive index 
profile is correspondingly larger or, in other words, the depth of the induced poten-
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Figure 4.10: (a) Spatial refractive index profile in a rectangular geometry with 
ratio 1.5. (b) Due to increased ratio of the sample cross-section dimensions 
the formation of a rectangular multihump beam is possible: note that the 
distance is further decreased. 
tial well is proportional to the sample size [130]. In all cases, i.e. regardless of the 
sample cross section, the modes are unstable and eventually undergo random oscil-
lations accompanied by appearances of various unrecognizable structures, while still 
remaining strongly self-trapped and unable to escape the induced potential well. 
In conclusion, the propagation of both the fundamental and higher-order two-
dimensional spatial solitons in media with a nonlocal thermal nonlinear response has 
been studied numerically. It has thus been demonstrated that the solitons exhibit 
rather complicated dynamics strongly influenced by the boundaries, including mu-
tual transformations between solitons of different geometries. The results suggest 
that mutual transitions between seemingly different beam structures is a generic fea-
ture of higher-order nonlinear modes belonging to the same general family of modes 
see Chapter 2] which can be approximated, for example, by the so-called Herrnite 
Laguerre generalized beams [128]. In addition, this remarkable property may pave 
the way for the observation of such highly nontrivial and intriguing dynamics ex-
perimentally, e.g., in lead glass samples. On the other hand, such observations 
are drastically limited, among other factors, by the topology of the beams and the 
actual shape of the sample. 
4.4 Siiinmary 
In summary in this chapter the nonlocal beam propagation in a thermal nonlin-
ear medium has been investigated. To this end a thermal nonlocal model has been 
introduced, which represents a more realistic nonlocal model than its phenomeno-
logical counterpart [Eq. (1.22) . 
In such a thermal medium the physical process accounting for the nonlinearity 
is a local heating of the medium induced by a propagating light beam, and through 
the thermo-optic effect the refractive index changes with a magnitude depending 
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on the intensity of the beam and consequently the response is inherently nonlinear. 
The nonlocality arises due to diffusion of induced heat from higher temperature 
regions into areas of lower temperature. However, unlike other types of nonlocal 
media, the steady-state temperature and hence the refractive index distributions 
are determined not only by the intensity of the beam but also by heat transfer at 
the boundaries, indicating that boundaries and in particular the geometry of the 
thermal sample exhibit strong influence on propagation dynamics. The problem 
amounts to solving a boundary problem and here the sample was assumed to be 
thermally connected to a fixed temperature heat sink, corresponding to the so-called 
Dirichlet boundary condition. 
The problem was studied numerically by solving simultaneously the NLS equa-
tion [Eq. (1.2)] governing nonhnear beam propagation and the Poisson equation 
[Eq. (4.1)] governing the evolution of the steady-state temperature with the inten-
sity acting as the heat source. 
In the first section of this chapter, the stability properties of the rotating dipole 
solitons were characterized by conducting extensive numerical simulations of the 
soliton propagation varying the modulation parameter and input power. The results 
of these simulations were analogous to the case of the Gaussian nonlocal nonlinear 
model. In addition higher-order localized structures in the form of necklace solitons 
were also shown to exist in optical media with thermal nonlinearity. 
In the following section an extensive investigation of the boundary effects on 
beam propagation was undertaken. To that end several scenarios were studied nu-
merically and the general conclusion was that (i) the boundaries exerted repulsive 
forces on the propagating beams, thereby causing an asymmetrically launched beam 
to follow complicated trajectories in the transverse plane, (ii) in general, any asym-
metry facilitated the evolution of mutual transitions between complex higher-order 
beam structures similar to the transformations observed previously in the Gaussian 
model [see Chapter 2], and (iii) the geometry of the cross-section imposed strong 
constraints on the permitted beam structure in the thermal sample. 
In conclusion, although several intriguing effects can be correctly stated to be 
largely generic to nonlocal nonlinear media, it appears that especially stabilizing 
effects as well as certain propagation dynamics cannot be readily generahzed from 
one nonlocal model to another. 
Indeed, certain stabihty properties do depend on the particular realization of the 
nonlocal nonlinear response [76] clearly illustrated, for instance, by the existence of 
an upper hmit on the allowed topological charge for vortex sohtons in thermal media, 
namely m <2 [146], while in Gaussian media no such constraint is known to exist. 
Moreover, by comparing numerical results from the preceding chapters it is clear 
that both soliton interactions and propagation dynamics obtained by considering 
different models, although in general pointing to similar behavior, in fact differ 
significantly in certain cases. 
Therefore it should be stressed that various problems need to be modeled dif-
ferently depending obviously on the physical system being studied but, indeed, also 
on the level of accuracy needed and the particular significance attributed to the 
numerical results. 
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CHAPTER 5 
Conclusions 
In this thesis the propagation dynamics of higher-order nonlocal spatial solitons 
has been thoroughly investigated theoretically. Main purpose has been to explore in 
detail the existence and stabilization of a great variety of multihump modes which 
have no analogies in local nonlinear media. 
To that end, novel classes of higher-order spatial optical solitons were intro-
duced in the form of the soliton necklaces and soliton matrices stabilized by the 
nonlocal nonlinearity. These higher-order solitons represented a generalization of 
the well-known Laguerre-Gaussian and Hermite-Gaussian linear modes to the case 
of nonlinear media. 
A rich variety of the stationary states found both analytically and numerically 
allowed for nontrivial mutual transformations induced by rnodulational instability 
when the soliton powers became close or coincided. These sohton transformations 
were manifested as periodic robust oscillations between two or more spatially local-
ized states with distinctly different symmetries. 
At intermediate stages during the transitions the states resembling generalized 
Hermite-Laguerre-Gaussian linear modes appeared which motivated the construc-
tion of generalized nonlocal solitons. Numerous families of higher-order solitons were 
obtained consisting of complicated beam symmetries with several vortices located 
in their phase topologies. 
One distinct feature divided the solitons into two classes, namely nonrotating 
and rotating. In the nonrotating case, beams exhibited quasi-periodic breather-like 
behavior for hundreds of sohton periods and transitions between beating modes ap-
peared as frequency shifts in the adhering Fourier spectrum. On the other hand, 
when the solitons exhibited a nonzero angular momentum, the combination of os-
cillations and spiraling of the beams triggered the formation of intricate nodal line 
structures and both vortex links and knots were demonstrated. 
Intriguingly, such complicated vortex distributions also appeared in a local non-
linear medium and it followed that the main requirement of the formation of vortex 
loops, links and knots is structurally stable propagation, in which the beams re-
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main self-similar, accompanied by oscillations of the intensity distribution as well 
as spiraling of the beam as a whole. 
In the study above a phenomenological model was considered, in which the 
refractive index change was assumed to be represented by a nonlocal Gaussian re-
sponse function. By rescaling the governing equation different degrees of nonlocahty, 
ranging from the purely local case to the highly nonlocal regime, could be considered 
simply by varying the propagation constant or equivalently the beam power. 
For comparison, investigations were conducted which involved a realistic thermal 
nonlocal model. Here the nature of the nonlocahty, i.e., thermal diffusion, prompted 
a different approach in which a coupled set of equations was solved simultaneously. 
Simulations revealed that solitons in thermal media exhibit rather complicated 
dynamics strongly influenced by the boundaries, including mutual transformations 
between solitons of different geometries. These results suggest the generic nature of 
mutual transitions of nonlinear modes coexisting energetically and this remarkable 
property may pave the way for the experimental realization, e.g., in lead glass 
samples. Such observations rely heavily on the topology of the beams and the 
actual shape of the thermal sample. 
In conclusion, higher-order solitons in media with a thermal nonlocal nonlinear 
response differ from their counterparts in the phenomenological model and it follows 
that predictions regarding the stability of the complicated beam structures in one 
particular system cannot be readily generalized to other nonlocal models. Various 
stability properties depend crucially on the actual form of the nonlocal nonlinear 
response. 
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